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The streaming of an intense ion beam relative to background plasma can cause the development of fast
electrostatic collective instabilities. The plasma waves produced by the two-stream instability modify the
ion beam current neutralization and produce non-linear average forces which can lead to defocusing of
the ion beam. Recently, a theoretical model describing the average de-focusing forces acting on the beam
ions has been developed, and the scalings of the forces with beam-plasma parameters have been
identiﬁed (Startsev et al. in press[1]). These scalings can be used in the development of realistic ion beam
compression scenarios in present and next-generation ion-beam-driven high energy density physics and
heavy ion fusion experiments. In this paper the results of particle-in-cell simulations of ion beam
propagation through neutralizing background plasma for NDCX-II parameters are presented. The
simulation results show that the two-stream instability can play a signiﬁcant role in the ion beam
dynamics. The effects of velocity tilt on the development of the instability and ion beam compressibility
for typical NDCX-II parameters are also simulated. It is shown that the two-stream instability may be an
important factor in limiting the maximum longitudinal compression of the ion beam.
& 2013 Elsevier B.V. All rights reserved.
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1. Introduction and theoretical model
In ion-beam-driven high energy density physics and heavy ion
fusion applications, the intense ion beam pulse propagates
through a background plasma before it is focused onto the target
[1,2]. The streaming of the ion beam relative to the background
plasma can cause the development of fast electrostatic collective
instabilities [3]. These instabilities produces ﬂuctuating electrostatic ﬁelds that cause a signiﬁcant drag on the background plasma
electrons and can accelerate electrons up to the average ion beam
velocity. Consequently, the dominant electron current can reverse
the beam self-magnetic ﬁeld. As a result, the magnetic self-ﬁeld
force reverses sign and contributes to a transverse defocusing of
the beam ions, instead of a pinching effect in the absence of
instability [4,5]. In addition, the ponderomotive force of the
unstable waves push background electrons transversely away from
the unstable region inside the beam, which creates an ambipolar
electric ﬁeld, which also leads to ion beam transverse defocusing.
Because the instability is resonant it is strongly affected and thus
can be effectively mitigated and controlled by the longitudinal
focusing of the ion beam [6–8].
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Two-stream collective interactions between the beam ions and
plasma electrons excite unstable waves with phase velocity ω=kz
slightly below the ion beam velocity vb . Here ω is the unstable
wave frequency and kz is the unstable wave longitudinal wavenumber (along the beam propagation direction z). In a recent
publication [1] we have studied the nonlinear effects of a developed two-stream instability on a non-relativistic heavy ion beam
with ions of mass mb, charge q ¼ Z b e, density nb, and longitudinal
velocity vb ≪c during its propagation through cold neutralizing
background plasma with density np and with no externally applied
magnetic ﬁeld. Here c is the speed of light. There, we developed a
model that qualitatively captures the main nonlinear features that
have been observed in numerical simulations of a proton beam
propagating through a dense plasma background, and provides
order-of-magnitude estimates of the average forces acting on the
beam ions, provided that Z b nb =np ≪1. Here we give a more
complete elaboration of this model.
Due to the large beam ion mass mb ≫me , where me is the electron
mass, and for beams that are much longer than the resonant
wavelength of the beam-plasma two-stream instability lb ≫vb =ωpe ,
where lb is the beam length and ωpe ¼ ð4πe2 np =me Þ1=2 is the electron
plasma frequency, the result of the instability is to produce shortwavelength electrostatic wave perturbations with frequency close to
the plasma frequency ω≈ωpe . The unstable waves have a phase
velocity which is close to the beam velocity, ω=kz ≈ωp =kz ≈vb . In what
follows we assume that the beam transverse dimensions have a
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single characteristic length of order of the beam radius rb which is
not much smaller than electron collisionless skin-depth, r b ≳c=ωpe . In
this case kz r b ≫1 and the instability is purely longitudinal. The radial
dependence appears in all equations as a variable.
The unstable wave growth saturates either by longitudinal trapping of plasma electrons in the wave, which happens when the
electron's amplitude of velocity oscillation in the wave become of
order of the phase velocity of the wave vem ∼ω=kz ∼vb , or by trapping of
beam ions, which happens when the beam ion's amplitude of
velocity oscillation in the wave becomes of order of the difference
between the beam velocity and the phase velocity of the wave
vbm ∼vb −ω=kz ∼γ=kz ≈ðγ=ωpe Þvb . Here we used the fact that ω−kz vb ∼γ,
where γ ¼ Im ω∼ωpe ðωpb =ωpe Þ2=3 is the linear growth rate of the
instability, and ωpb ¼ ð4πZ 2b e2 nb =mb Þ1=2 is the plasma frequency of
the beam ions [9]. Because the electrons and beam ions both
experience the same wave electric ﬁeld, their oscillation velocities
are related by me ωvem ¼ mb ðω−kz vb Þvbm =Z b , or equivalently, vem ∼ðmb
=Z b me Þðγ=ωpe Þvbm . Therefore, if the beam ions become trapped by the
wave before the electrons, vbm ∼ðγ=ωpe Þvb and the corresponding
amplitude of the electron velocity oscillations has to satisfy the
relation vem ∼ðmb =Z b me Þðγ=ωpe Þ2 vb ≲vb , or ½Z b ðmb =me Þðnb =np Þ2 1=3 ≲1.
Otherwise, if ½Z b ðmb =me Þðnb =np Þ2 1=3 ≳1, the electron velocity oscillation amplitude becomes vem ∼vb ﬁrst, and the saturation is determined
by electron trapping. If the saturation is caused by beam ion trapping,
the beam density becomes highly modulated in the longitudinal
direction. The beam splits longitudinally into short bunches with
length ∼vb =ωpe ≪lb .
The electric ﬁeld of the waves also generates average transverse
forces on the beam ions. An average ambipolar electric ﬁeld is set
up which acts against the Lorentz force and ponderomotive
pressure of the wave exerted on the cold plasma electrons
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according to
e〈Ex 〉∼e

〈vez 〉
ðve Þ2
〈By 〉 þ me m ;
c
4r b

ð1Þ

where rb is the beam radius. At the same time, the wave electric ﬁeld
produces an average nonlinear electron longitudinal current density
e
e
e 2
e 2
〈jnon
z 〉 ¼ −e〈δn δvz 〉≈−enp 〈ðδvz Þ 〉=vb ≈−enp ðvm Þ =2vb in addition to the
b
beam current density jz . Here we used the linear relation
δne ≈np ðkz =ωÞδvez ≈np δvez =vb . The total injected current density jbz þ
〈jnon
z 〉 will produce an inductive plasma response current density
e
〈jind
z 〉 ¼ −enp 〈vz 〉, which will reduce the total injected current density
by the factor 1=ð1 þ r 2b =λ2pe Þ, where λpe ¼ c=ωpe is the collisionless skindepth. Therefore the total current density in the plasma becomes
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Note from Eqs. (2) and (3) that the presence of waves in the plasma due
to the instability can cause the reversal of the total longitudinal current
density and associated azimuthal self-magnetic ﬁeld if
ðvem =vb Þ2 4 ð2Z b nb =np Þ. The average electron ﬂow produced by the
inductive electric ﬁeld (〈vez 〉-0 as c-∞) is given by
〈vez 〉≃

"
 e 2 #
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:
2 Z b nb vb
np ð1 þ λ2pe =r 2b Þ

ð4Þ

Fig. 1. Plots of ion beam density; beam density proﬁle along nb ðx ¼ 0; z; tÞ plotted versus z at t ¼ 50 ns and t ¼ 200 ns (top); beam density (x,z) contour plots at t ¼ 50 ns and
t ¼ 200 ns (bottom).
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The total average transverse force acting on the beam ions is
given by
vb
〈By 〉
c
ð〈ve 〉−vb Þ
ðve Þ2
〈By 〉 þ me Z b m
≃Z b e z
c
4r b
!"
#

2
vb
Z b nb
x
x2
≃me Z b
þ xþ
þ
;
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np
ð1 þ λ2pe =r 2b Þ ð1 þ λ2pe =r 2b Þ2

For sufﬁciently large beam density that ðZ b nb =np Þ2=3 ≳ðZ b me =mb Þ1=3 ,
the defocusing time and distance are

F x ¼ q〈Ex 〉−q

T∼

ð5Þ

where x ¼ ð1=2Þðvem =vb Þ2 −Z b nb =np .
The saturated level of the two-stream instability determines
the magnitude of the average transverse force when ð1=2Þðvem
=vb Þ2 ≫Z b nb =np , or equivalently, the beam density is sufﬁciently
large ðZ b nb =np Þ2=3 ≫ðZ b me =mb Þ4=3 . In that case x 4 0, and the force
is defocusing. For beams with r b ≫λpe , the force on the beam ions is
given by
!
v2b
F x ≃me Z b
ð6Þ
½ðx þ 1Þ2 −1;
2r b
where x ¼ ð1=2Þðvem =vb Þ2 . For ðZ b nb =np Þ2=3 ≳ðZ b me =mb Þ1=3 , the
saturation is due to electron trapping, and x∼1 and
F x ∼me Z b v2b =r b , while for low-density beams with ðZ b me =mb Þ4=3 ≪
ðZ b nb =np Þ2=3 ≲ðZ b me =mb Þ1=3 , the saturation is by beam ion trapping
and x∼ðnb =np Þ4=3 ðZ b mb =me Þ2=3 ≲1, and the force is correspondingly
smaller with F x ∼me Z b v2b ðnb =np Þ4=3 ðZ b mb =me Þ2=3 =r b . Given the
transverse defocusing forces on the beam ions in Eq. (6), we can
estimate the defocusing time T∼ðmb r b =F x Þ1=2 it takes the beam
radius to double after the instability has developed and saturated,
i.e., Δr b =r b ≃1 and the defocusing propagation distance is L ¼ vb T.
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while for low density beams with ðZ b me =mb Þ4=3 ≪ðZ b nb
=np Þ2=3 ≲ðZ b me =mb Þ1=3 , the defocusing time and distance are
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Note that the total defocusing time should also include the time for
the instability to grow and saturate, T sat ¼ ð1=γÞln L, where L depends
on details of the beam density proﬁle, and is a large number for
sufﬁciently long, smooth beam proﬁles with ωpe lb =vb ≫1.

2. Numerical simulations of NDCX-II experiment
In this section we present the results of numerical simulations
using the particle-in-cell code LSP [10] of an intense ion beam
propagating through neutralizing plasma with parameters relevant to the NDCX-II experiment [2]. The simulations were carried
out in slab geometry ∂=∂y ¼ 0 with electric and magnetic ﬁeld
polarizations given by E ¼ Ex e^ x þ Ez e^ z and B ¼ By e^ y . The simulations were carried out for the following parameters: a lithium ion
beam with Gaussian density proﬁle in both the longitudinal and

Fig. 2. Plots of beam ions (left) and plasma electrons (right) longitudinal phase-space z−vz γ=c at t ¼ 200 ns.

Fig. 3. Plots of total current density jz at r¼ 0 and transverse electric ﬁeld Ex at z ¼ 41 cm at time t ¼ 200 ns.
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Fig. 4. Contour plots in (x,z) of self-magnetic ﬁeld By at t ¼ 50 ns and t ¼ 200 ns.

Fig. 5. Plots of ion beam density: beam density proﬁle nb ðx ¼ 0; z; tÞ plotted versus z at t ¼ 100 ns, t ¼ 200 ns and t ¼ 216 ns (left); beam density (x,z) contour plots at
t ¼ 100 ns, t ¼ 200 ns and t ¼ 216 ns (right).
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transverse directions and pulse duration T ¼ 12 ns. The beam
velocity is vb ¼ c=30; the beam density is nb ¼ 2  109 cm−3 ; and
the beam radius is r b ¼ 1:41 cm. The beam propagates through a
stationary, singly-ionized carbon plasma with plasma density
np ¼ 0:55  1011 cm−3 . For these parameters, r b ∼λpe ¼ c=ωpe and
the characteristic linear exponentiation time of the two-stream
instability is Γ −1 ¼ ðIm ωÞ−1 ¼ 4:1 ns.
The results of the simulations are illustrated in Figs. 1–6. At
time t ¼0 the ion beam enters the plasma at z ¼0. The changes in
ion beam density proﬁle during the beam propagation are shown
in Fig. 1. At time t ¼ 50 ns the two-stream instability between the
beam ions and the plasma electrons begins to develop [Fig. 1(left)]
and has completely developed to the saturation level by time
t ¼ 200 ns [Fig. 1(right)] (or two meters of propagation in the
plasma). By this time, the beam density is modulated longitudinally with density variations of order 100% of the original beam
density. This occurs because for the simulation parameters
½Z b ðmb =me Þðnb =np Þ2 1=3 ≈2:6 and therefore the trapping of both the
beam ions and background electrons is responsible for saturation
as shown in Fig. 2, where the longitudinal phase space z−vz γ=c is
plotted for the beam ions and plasma electrons at t ¼ 200 ns. Plots
of the average total current density o jz 4 are shown in Fig. 3 at
time t ¼ 200 ns at the beam center x¼0, and plots of the
transverse proﬁle of average transverse electric ﬁeld oEx 4 at
t ¼ 200 ns at the location of the maximum current density
(z ¼ 41 cm), which also correspond to the maximum amplitude
of plasma oscillations.
The azimuthal magnetic ﬁeld By is plotted in Fig. 4 at t ¼ 50 ns
(before saturation) and t ¼ 200 ns (after saturation). Note that as the

instability develops and saturates, the magnetic ﬁeld changes sign
because the current density ojz 4 becomes negative. Both the
amplitude and the sign of the total current density and the
amplitude and the sign of the ambipolar average transverse electric
ﬁeld are consistent with the theoretical estimates in Section 1. In the
NDCX-II compression experiments, the beam enters the plasma with
a velocity tilt Δvb =vb ¼ 0:1, which should produce longitudinal beam
compression after t ¼ 220 ns. Note that even with zero velocity tilt,
the two-stream instability leads to beam break-up at t ¼ 200 ns, but
no transverse defocusing Fig. 1. With velocity tilt Δvb =vb ¼ 0:1, the
instability does not develop enough to break-up the beam and
prevent the longitudinal focusing.
Fig. 5 shows plots of the beam density proﬁles at different
times during compression. A maximum longitudinal compression
factor of C¼ 67 is achieved at t ¼ 216 ns. Compression is limited by
the instability spoiling the beam longitudinal phase space as
shown in Fig. 6. The beam length at maximum compression
corresponds to the size of the beam region where the initial linear
velocity tilt was signiﬁcantly spoiled by the instability, which (for
this simulation) corresponds to one wavelength of the two-stream
instability ∼vb =ωpe [Fig. 6]. Hence, the maximum compression was
limited to C∼Tωpe ∼100.

3. Conclusions
The streaming of an intense ion beam relative to background
plasma can cause the development of fast electrostatic collective
instabilities. The present simulations of an intense ion beam

Fig. 6. Plots of beam ion longitudinal phase-space z−vz γ=c at t ¼ 100 ns, t ¼ 200 ns and t ¼ 216 ns.
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propagating though neutralizing plasma with parameters relevant
to the NDCX-II experiment show that the instabilities produce
ﬂuctuating electrostatic ﬁelds that cause a signiﬁcant drag on the
background plasma electrons and can accelerate electrons up to
velocities comparable to the ion beam velocity. Consequently, the
(strong) electron current reverses the direction of the beaminduced self-magnetic ﬁeld. As a result, the magnetic self-ﬁeld force
reverses sign and leads to a transverse defocusing of the beam ions,
instead of a pinching effect in the absence of instability. In addition,
the ponderomotive force [Eq. (1)] of the unstable waves pushes the
background electrons transversely away from the unstable region
inside the beam, which creates an ambipolar electric ﬁeld, which
also leads to a transverse defocusing of the beam ions [Eq. (5)]. The
simple theoretical model that is presented in Section 1 provides
order-of-magnitude estimates of the nonlinear defocusing forces
that develop at saturation of the two-stream instability. In our
simulations for beam parameters typical of NDCX-II, the nonlinear
defocusing forces did not lead to any signiﬁcant defocusing because
of the short propagation distance of 2 m in background plasma, but
they are expected to lead to a signiﬁcant defocusing if the length of
the neutralization section is increased by a sufﬁcient amount.
Because the instability is resonant it is strongly affected and can
be effectively mitigated and controlled by the longitudinal focusing of the ion beam. This is conﬁrmed by simulations of an NDCX-II
relevant beam compressing with velocity tilt Δvb =vb ¼ 0:1. The
two-stream instability gain for an ion beam with a velocity tilt
which produces ion beam focusing in background plasma after
time Tf is given by [6–8]
G ¼ 0:8ωpb T f ;

ð9Þ
1=2

where ωpb ≈ð4πe nb =mb Þ
is the ion beam plasma frequency. For
NDCX-II parameters, G≈4 with expðGÞ ¼ 55, and the initial density
2
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perturbation grew due to instability large enough to spoil the liner
velocity tilt only at the beam center, which prevented the beam
from perfect longitudinal compression (Fig. 5). In contrast, the
instability gain during the same time Tf for an NDCX-II beam with
no velocity tilt is G ¼ γT f ≈54 with expðGÞ ¼ expð54Þ and the
instability develops to the nonlinear saturation level well before
time Tf and leads to longitudinal beam bunching (Fig. 1). Therefore,
to avoid the effects of two-stream instability on the longitudinal
beam compression, the beam density nb or the beam compression
time Tf have to be kept small enough to keep the instability gain
for compressing beam small, G ¼ 0:8ωpb T f ≲1.
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