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A spectral method for halo particle definition in intense mismatched beams

Mikhail A. Dorf,a) Ronald C. Davidson, and Edward A. Startsev
Plasma Physics Laboratory, Princeton, New Jersey 08543, USA

(Received 15 December 2010; accepted 10 March 2011; published online 28 April 2011)

An advanced spectral analysis of a mismatched charged particle beam propagating through a

periodic focusing transport lattice is utilized in particle-in-cell (PIC) simulations. It is found that

the betatron frequency distribution function of a mismatched space-charge-dominated beam has a

bump-on-tail structure attributed to the beam halo particles. Based on this observation, a new

spectral method for halo particle definition is proposed that provides the opportunity to carry out a

quantitative analysis of halo particle production by a beam mismatch. In addition, it is shown that

the spectral analysis of the mismatch relaxation process provides important insights into the

emittance growth attributed to the halo formation and the core relaxation processes. Finally, the

spectral method is applied to the problem of space-charge transport limits. VC 2011 American
Institute of Physics. [doi:10.1063/1.3574665]

I. INTRODUCTION

The production and control of high-energy halo particles

ejected from the beam core is a critical problem in intense

charge particle beam propagation through a periodic focus-

ing lattice.1 One of the typical mechanisms of the halo parti-

cle production is a mechanism in which halo particles gain

energy by means of parametric resonant interaction with the

collective self-field perturbations produced by a beam mis-

match (mismatch oscillations).2–11 More specifically, due to

the nonlinear transverse dependence of the beam self-fields

near and beyond the beam edge, individual beam particles

can oscillate about and through the beam core with energy-

dependent betatron frequency. Collective self-field mismatch

oscillations produce modulation of the betatron frequency

and, therefore, parametric resonant interaction between the

edge beam particles and the collective modes may occur. In

particular, beam particles, which are close to the fundamental

2:1 resonance with the collective mismatch oscillation, can

gain transverse energy and populate the halo region.2

Although, the presence of a beam halo is typically evi-

dent by visual inspection of the mismatched beam distribu-

tion, it is of particular interest to obtain a more quantitative

measure of this phenomena.9–11 In Ref. 10, the beam profile
parameter constructed from the second and fourth spatial

moments of the beam distribution,

hi ¼
q4

i

� �
q2

i

� �2
� 2;

has been proposed as a characterization of the halo in a 1D

spatial projection. Here, qi is the transverse particle coordi-

nate of the ith phase plane, and � � �h i denotes the average

over the particle distribution function. This formalism for

calculating dimensionless halo parameters, based upon

moments of the beam distribution function, has been then

extended to quantify halo formation in 2D phase space.11

The phase-space halo parameter,11

Hi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 q4

i

� �
p4

i

� �
þ 9 q2

i p2
i

� �2�12 qip
3
i

� �
piq

3
i

� �q
2 q2

i

� �
p2

i

� �
� 2 qipih i2

� 2;

is a generalization of the spatial-profile parameter hi, using ki-

nematic invariants of the particle distribution in phase space.

Here, pi corresponds to the transverse particle momentum of

the ith phase plane. These halo parameters can be efficiently

used for comparing the “halo intensity” for different beam

distributions. For instance, it follows that hi¼Hi¼ 0 for the

Kapchinskij–Vladimirskij distribution, and hi¼Hi¼ 1 for a

Gaussian distribution in phase-space coordinates.

Although the evolution of the halo parameters (hi, Hi)

can provide important insights into the halo production pro-

cess, no guidelines have been provided on how to quantita-

tively distinguish halo particles from core particles.

Therefore, the actual “halo fraction” of all beam particles for

a given distribution cannot be readily estimated. Attempts to

distinguish halo particles from the beam core particles were

made in Refs. 7 and 8. However, those studies were based on

a “visual analysis” of the transverse phase space, and no rig-

orous mathematical criteria were applied.

A simple quantitative definition of halo particles based

on an analysis of the beam betatron frequency distribution

has been outlined in Ref. 9, where it was demonstrated that

the betatron frequency distribution function of an intense

mismatched space-charge-dominated beam has a well-

defined bump-on-tail structure attributed to the beam halo

particles. In this paper, we develop a detailed framework for

this spectral method. In addition, we extend the definition of

halo particles to a broad range of beam intensities. Finally,

we show that the spectral analysis can also provide important

insights into other critical problems in intense beam trans-

port, e.g., mismatch relaxation processes, and space-charge

transport limits.12–14

This paper is organized as follows. The theoretical

model describing the transverse beam dynamics is

a)Present address: Lawrence Livermore National Laboratory, Livermore,

California 94550, USA.
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summarized in Sec. II. In Sec. III, we describe the spectral

method, making use of the smooth-focusing approximation,

and in Sec. IV, we take into account the effects of an alter-

nating-gradient quadrupole field. Finally, in Sec. V, the spec-

tral method is applied to an analysis of the mismatch

relaxation process, and space-charge transport limits.

II. THEORETICAL MODEL

In this section, we summarize the general theoretical

models used to describe the nonlinear transverse dynamics

of a charged particle beam propagating through an alternat-

ing-gradient quadrupole lattice. We consider a long coasting

beam propagating through an alternating-gradient quadru-

pole lattice and perform the analysis of the transverse beam

dynamics in the frame of reference moving with the beam.

The applied focusing force of the periodic lattice is assumed

to be of the form,

Ffoc ¼ �mbjq tð Þ xêx � yêy

� �
; (1)

where jq tð Þ ¼ ĵq sin 2pt=sLð Þ is the lattice function, sL is the

lattice period, mb is the particle mass, and x; y; _x; _yð Þ is the

transverse beam phase space. For the case where the beam

distribution function is close to a beam quasiequilibrium, the

evolution of the characteristic transverse beam dimensions

�a tð Þ ¼ 2 x2
� �1=2

and �b tð Þ ¼ 2 y2
� �1=2

can be described

approximately by the simplified envelope equations1,15

d2

dt2
�aþ jq tð Þ � 2Kb

�a �aþ �bð Þ

� �
�a ¼ e2

�a3
; (2)

d2

dt2
�bþ �jq tð Þ � 2Kb

�b �aþ �bð Þ

� �
�b ¼ e2

�b3
: (3)

Here, Kb ¼ 2Nbe2
b=mb is the beam self-field perveance,

Nb ¼
Ð

dxdyd _xd _yfb is the beam line density, eb is the particle

charge, and we have assumed ex ¼ ey � e, where the trans-

verse emittance ex, is defined by

ex ¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h x� hxið Þ2ih _x� _xh ið Þ2i � h x� hxið Þ _x� h _xið Þi2

q
;

(4)

and, vh i ¼ N�1
b

Ð
dxdyd _xd _yvfb denotes the statistical average of

a phase function v over the beam distribution function, fb. The

matched solutions to the envelope Eqs. (2) and (3), satisfying

�a tþ sLð Þ ¼ �a tð Þ and �b tþ sLð Þ ¼ �b tð Þ, can be used for calcula-

tion of the phase advances.1 The vacuum phase advance rv,

describing the normalized lattice strength, can be expressed as

rv � lim
Kb!0

e
ðt0þsL

t0

dt

�a2 tð Þ ¼ lim
Kb!0

e
ðt0þsL

t0

dt
�b2 tð Þ; (5)

and the depressed phase advance r, including self-field

effects, is given by

rv � e
ðt0þsL

t0

dt

�a2 tð Þ ¼ e
ðt0þsL

t0

dt
�b2 tð Þ: (6)

Note that the ratio r=rv can be used as a normalized measure

of the space-charge strength, with r=rv ! 1 corresponding

to an emittance-dominated beam with negligible space-

charge force, and r=rv ! 0 corresponding to a space-

charge-dominated beam with negligible emittance.

In order to describe the average beam dynamics, the

smooth-focusing approximation is often used, in which the

applied focusing force in Eq. (1) is replaced by the uniform

focusing force,

F
sf
foc ¼ �mbx

2
q xêx þ yêy

	 

: (7)

Here, the smooth-focusing frequency xq is related to the am-

plitude of the sinusoidal lattice function ĵq (approximately)

by ĵq ¼ 23=2pxqs�1
L .1 In the smooth-focusing approxima-

tion, the envelope Eqs. (2) and (3) have same form, but the

terms describing the oscillating force of the quadrupole lat-

tice, i.e., jq tð Þ in Eq. (2) and �jq tð Þ in Eq. (3), are replaced

with the term þx2
q corresponding to the smooth-

focusing lattice coefficient. For the case of an azimuthally

symmetric beam, it is straightforward to show that

the matched smooth-focusing solutions are given by

�aðsÞ ¼ �bðsÞ ¼
ffiffiffi
2
p

Rb0, where Rb0 is determined from

x2
q �

Kb

2R2
b0

� �
Rb0 ¼

e2

4R3
b0

; (8)

and the smooth-focusing phase advances are given approxi-

mately by1

rsf
v ¼ xqsL (9)

and

rsf

rsf
v

¼ 1þ Kb

2exq

� �2
" #1=2

� Kb

2exq
: (10)

Finally, we point out that along with rsf =rsf
v , the normalized

beam intensity can be characterized by the dimensionless

parameter sb ¼ x2
pb=2x2

q, where xpb ¼ 4pe2
bn0=mb

	 
1=2
is

the plasma frequency, and n0 is the on-axis number density.1

The envelope Eqs. (2) and (3) describing the evolution

of the beam transverse dimensions support mismatch oscilla-

tions around a beam quasiequilibrium. In the smooth-focus-

ing approximation, it is straightforward to show that the

oscillation frequencies of these normal modes are given by

xsf
s ¼ Kb=R2

b0 þ e2=R4
b0

	 
1=2
; (11)

xsf
odd ¼ Kb=2R2

b0 þ e2=R4
b0

	 
1=2
; (12)

where the rms beam radius, Rb0, is determined from Eq. (8).

Here, xsf
s corresponds to the symmetric (even) mode with

d�a ¼ d�b, and xsf
odd corresponds to the quadrupole (odd)

mode with d�a ¼ �d�b, where d�a and d�b are the small-signal

perturbations of the transverse matched-beam dimensions �a
and �b, respectively. The quadrupole and symmetric modes

represent collective transverse oscillations of the charged

particle beam envelope. On the other hand, due to the nonlin-

ear transverse dependence of the beam self-fields near and

beyond the beam edge, individual beam particles can oscil-

late about and through the beam core with energy-
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dependent betatron frequency. Collective self-field perturba-

tions produce modulation of the betatron frequency and,

therefore, parametric resonant interaction between the edge

beam particles and the collective modes may occur. In par-

ticular, beam particles, which are close to fundamental reso-

nance with the collective mismatch oscillation, can gain

transverse energy and populate the halo region.

III. SMOOTH-FOCUSING APPROXIMATION

This section develops a framework for the quantitative

analysis of halo production by a beam mismatch, making use

of the smooth-focusing approximation, which describes the

average focusing effect of the oscillating confining field. As

noted earlier, in order to describe the production of halo par-

ticles by a beam mismatch, it is convenient to consider a

beam propagating through a periodic focusing lattice as an

ensemble of betatron oscillators coupled to the collective

mismatch oscillations. This approach was also used in

Refs. 16 and 17 for the analysis of beam mismatch relaxation

for the case of a quadrupole lattice. It was pointed out16,17

that for the case of a space-charge-dominated beam, most of

the betatron oscillators in the initial beam equilibrium distri-

bution are far from the parametric (2:1) resonance with the

collective mismatch mode. Therefore, only a slight damping

of the collective oscillations occurs. However, as the beam

space-charge intensity decreases, the half-value of the mis-

match frequency approaches the frequency distribution of

the betatron oscillators, providing an increased damping of

the collective oscillations. As shown in Fig. 1, the beam be-

tatron frequency distributions and the corresponding mis-

match oscillation frequencies obtained for the smooth-

focusing thermal equilibrium distribution1 for various values

of the beam intensity concur with the conclusions in Refs. 16

and 17. Inspecting Fig. 1, it is also instructive to note that as

the beam intensity increases the beam frequency spectrum

shifts toward lower frequency values relative to the smooth-

focusing frequency, xq. This is consistent with the fact that

the beam self-fields depress the total focusing force acting

on a beam particle and, therefore, increase the period of par-

ticle betatron oscillations. Also, note that the frequency spec-

trum width is attributed to the nonlinear effects of the beam

self-fields. Therefore, for the case of the smooth-focusing

thermal equilibrium distributions shown in Fig. 1, the spec-

trum width has a maximum for a moderate beam intensity.

Indeed, as the beam intensity increases, the beam density

profile approaches a flat-top distribution, and hence the self-

electric fields become nearly linear. On the other hand, as

the beam density decreases, the effects of the beam self-

fields become less pronounced.19 Without loss of generality,

here and throughout the remainder of this paper, for illustra-

tive purposes, we show the betatron frequency distributions

corresponding to the particle oscillatory motion in the x-

direction. Also, each plotted betatron frequency distribution

is normalized to its maximum value. Finally, the number of

macroparticles used in the simulations is Np¼ 40 000, and

typical grid resolution corresponds to 16 grid points across

the beam cross-section.

In previous studies,16,17 the spectral analysis was applied

to the initial beam quasiequilibrium. Here, we extend the be-

tatron spectral analysis to the case of a mismatched beam

distribution. This allows us to develop a convenient frame-

work for the quantitative analysis of halo production by a

beam mismatch. Note that a particle betatron frequency

increases with an increase in a particle energy. Therefore,

the high-energy tail of an initial beam equilibrium distribu-

tion corresponds to the high-frequency tail in the betatron

frequency distribution (Fig. 1). Inspecting the betatron fre-

quency distribution of the initial beam thermal equilibrium

distribution for the case of a space-charge-dominated beam,

it is evident that only an exponentially small fraction of the

beam particles has the energy corresponding to the paramet-

rically resonant frequency, xsf
s =2. However, during the

relaxation of a large beam mismatch, there is an energy

transfer from the collective mismatch modes to the resonant

particles, which gain energy and populate the halo region. It

is therefore intuitively appealing to expect that a “bump-on-

tail” structure attributed to the high-energy halo particle will

appear near the half-value of the mismatch oscillations fre-

quency in the betatron frequency distribution of a mis-
matched space-charge-dominated beam.

Figure 2(a) shows the beam betatron frequency distribu-

tion for the case of a mismatched space-charge-dominated

beam. For this illustrative example, a thermal equilibrium

beam distribution1 with rsf=rsf
v ¼0:25 (sb ¼ 0:9999) was sub-

jected to an instantaneous increase in the applied smooth-fo-

cusing force, xinc
q =xq ¼1:3. Then, after a time period,

sstep ¼ p=
�
2 xsf

s

	 

i

�
, corresponding to one-quarter of the linear

mismatch oscillation period calculated for the initial beam equi-

librium, the applied force is returned back to its initial value.

Here, xsf
s

	 

i
¼ Kb=R2

bi þ e2
i =R4

bi

	 
1=2
, Rb ¼ x2 þ y2

� �1=2
is the

rms beam radius, and the subscript “i” denotes the initial

equilibrium beam state. This perturbation provides the initial

beam mismatch l¼ 2.2 as measured by the ratio of the maxi-

mum to minimum values of Rb. Note that we have assumed

an azimuthally symmetric initial beam distribution and,

therefore, only the symmetric (even) mode of mismatch

FIG. 1. (Color online) Plots of the normalized beam betatron frequency dis-

tribution for the smooth-focusing thermal equilibrium distribution obtained

for different values of the beam intensity corresponding to r=rvac ¼ 0:25,

sb ¼ 0:9999 (blue triangles), r=rvac ¼ 0:6, sb ¼ 0:9 (pink squares),

r=rvac ¼ 0:95, sb ¼ 0:2 (green diamonds). Each frequency distribution is

normalized to its maximum value. The vertical dashed lines show the corre-

sponding half-values of the mismatch oscillations frequency obtained within

the smooth-focusing approximation, xsf
s =2. Results are obtained using the

WARP PIC-code (Ref. 18) for a smooth-focusing field.
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oscillations is excited. After introducing the beam mismatch

as described above, the beam is allowed to relax until the

mismatch amplitude remains nearly constant.8 In the final

(“quasirelaxed”) beam state, the x and y coordinates of each

beam particle are tracked, and the fast-Fourier transform

(FFT) averages of the particle oscillograms are calculated

[Fig. 3(c)]. It should be noted that the single-particle motion

for the case of a mismatched intense beam is, in general,

nonintegrable, and the corresponding frequency spectra may

have a complex structure [Fig. 3(c)]. Indeed, in addition to

the fundamental (2:1) “halo” resonance, nonuniformities in

the beam density profile along with the mismatch oscillations

produce a higher-order resonance structure inside the beam

core and, therefore, even the core particle motion can

become chaotic (Fig. 3). For the construction of the beam be-

tatron frequency distribution [Fig. 2(a)], the particle’s

“betatron” frequency is assigned to the frequency corre-

sponding to the maximum value in the Fourier power spec-

trum of the particle oscillogram. As evident from Fig. 3, the

power frequency spectra and particle oscillograms for typical

core and halo particles elucidate the relevance of this

approach for the purpose of distinguishing a halo particle

from a core particle. Indeed, the betatron frequency values

for the core and halo beam particles lie inside the “core” and

bump-on-tail frequency ranges of the beam betatron fre-

quency distribution, respectively [Fig. 2(a)]. The correspond-

ing Poincare radial phase-space plots _R;R
	 


for these halo

and core particles are shown in Fig. 3(d). Here,

R �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2
p

, _R � _XX þ _YY
	 


=R, X and _X are the scaled

coordinates defined as X ¼ x=�a and _X ¼ �a _x� x _�að Þ=ex, and Y
and _Y are their analogs in the y-direction.

Figure 2(a) shows that the betatron frequency distribution

function of a mismatched space-charge-dominated beam has a

clear bump-on-tail structure attributed to beam halo particles.

Note that most of the bump is located to the right of the half-

value of the mismatch oscillation frequency calculated for the

final beam distribution, xsf
s

	 

f
¼ Kb=R2

bfþ



e2
f =R4

bf Þ
1=2

. Here,

ef corresponds to the average value of the transverse beam

emittance in the final state, and Rbf is the corresponding value

FIG. 2. (Color online) Relaxation of a beam mismatch for the case of a

space-charge-dominated beam with rsf =rsf
v ¼ 0:25, sb ¼ 0:9999. Shown are

plots of (a) beam betatron frequency distribution for the final quasirelaxed

state (solid blue curve) and for the initial state corresponding to the smooth-

focusing thermal equilibrium distribution (dashed black curve), (b) FFT of

Rb(t), (c) and (d) the instantaneous _R;R
	 


phase space corresponding to the

final beam state at t¼ 3300.42� 2p/xq, and the same state after halo re-

moval, respectively. The amplitude of the mismatch oscillations in the final

state is dRb=Rb ffi 0:12, and the time interval used for the FFT calculations

of the betatron frequency distribution in the final state corresponds to

(3000� 2p/xq, 3300� 2p/xq). Results are obtained using the WARP code

for a smooth-focusing field.

FIG. 3. (Color online) Dynamics of core and halo

particles in the final state of a mismatched space-

charge-dominated beam with rsf =rsf
v ¼ 0:25

(sb ¼ 0:9999). (a) and (b) Normalized x/Rf-oscil-

logram of the halo and core particles motion,

respectively. Here, Rf corresponds to the rms equi-

librium radius calculated for the final beam state.

(c) FFT of the core particle (pink) and the halo

particle (blue) x-oscillograms. (d) Poincare section

for the core (pink) and halo (blue) particles with

the strobe time, taken at the minimum of the beam

radius. Results are obtained using the WARP code

for a smooth-focusing force. The parameters of

the simulation are the same as in Fig. 2.
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of the rms equilibrium beam radius determined from Eq. (8)

where e ¼ ef . This allows us to formulate the following sim-

ple quantitative definition of a halo particle. If the particle be-
tatron frequency is greater than one-half of the mismatch
oscillation frequency then it is designated as a halo particle.

Figures 2(c) shows the beam radial phase space at the final

state, and Fig. 2(d) shows the same phase space after remov-

ing particles with betatron frequency in the x or y direction

higher than xsf
s

	 

f
=2. The remaining small fraction of halo

particles corresponds to the fraction of the bump-on-tail struc-

ture located to the left of xsf
s

	 

f
=2. In addition, a few more

halo particles appear during the FFT averaging calculations,

because the energy transfer process is not yet fully completed.

Note that the actual frequency spectrum of an envelope rms

dimension [Fig. 3(b)] has a finite bandwidth with the central

frequency xNL
s , which is slightly smaller than its linear

approximation, xsf
s

	 

f

due to nonlinear effects, and also due

to the coupling to the dynamics of the higher-order moments,

e.g., beam emittance. Therefore, more halo particles can be

selected by the proposed criteria if an improved model for

describing the mismatch oscillations frequency spectrum is

employed to determine the “cut-off” frequency.

It should be noted that according to the proposed halo

definition, even a matched beam with a thermal equilibrium

distribution function has a certain fraction of halo particles.

This fraction is exponentially small for a space-charge-domi-

nated beam, but it increases with decreasing beam intensity

since the half-value of the mismatch frequency approaches

the frequency distribution of the betatron oscillators. Never-

theless, the spectral framework for a quantitative analysis of

halo production developed above for a space-charge-domi-

nated beam can also be efficiently utilized for the case of a

low-intensity beam. The evolution of the beam betatron fre-

quency distribution function due to beam mismatch relaxa-

tion for the case of a low-intensity beam with rsf =rsf
v ¼0:95

(sb ¼ 0:2) is shown in Fig. 4. For this illustrative example,

the beam mismatch is introduced in the same way as

described above for the case of a space-charge-dominated

beam, i.e., by increasing the focusing strength of the lattice

to xinc
q =xq ¼1:3 for a time period of sstep ¼ p=2 xsf

s

	 

i
. Com-

paring the betatron frequency distributions for the initial and

final states [Fig. 4(a)], it is natural to assign a pronounced

difference in the tail region where xbx > xsf
s

	 

f
=2 to the

generated beam halo. Note that for the case of an emittance-

dominated beam, the mismatch oscillations are completely

relaxed [Fig. 4(b)] and, therefore, particles do not experience

a resonance interaction in the final state [compare Fig. 4(d)

and Fig. 2(c)].

IV. EFFECTS OF AN ALTERNATING-GRADIENT
QUADRUPOLE FIELD

The quantitative analysis of halo production by a beam

mismatch developed above for a constant focusing field

(smooth-focusing approximation) can be generalized in a

straightforward manner to the case of an oscillating quadru-

pole focusing field. Figure 5(a) shows the evolution of the

beam betratron frequency distribution function due to beam

mismatch relaxation for the case of a space-charge-domi-

nated beam with r=rvac ¼0:25 and rvac ¼ 550. For this sim-

ulations, the initial beam distribution is loaded into a

quadrupole lattice by making use of the pseudoequilibrium

FIG. 4. (Color online) Relaxation of a

beam mismatch for the case of an emit-

tance-dominated beam with rsf =rsf
v

¼ 0:95 (sb ¼ 0:2). Shown are plots of

(a) beam betatron frequency distribution

for the final “quasirelaxed” state (solid

blue curve) and for the initial state corre-

sponding to the smooth-focusing thermal

equilibrium distribution (dashed black

curve) and (b) the evolution of the nor-

malized rms beam radius Rb/Ri. Frames

(c), (d), and (e) show the normalized
_R;R
	 


phase space corresponding to the

initial state, final state at

t¼ 540.46� 2p/xq, and final state after

halo removal, respectively. The time

interval used for the FFT calculations of

the betatron frequency distribution in the

final state corresponds to (300� 2p/xq,

540� 2p/xq). Results are obtained using

the WARP code for a smooth-focusing

field.
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procedure,20 which provides an initial beam matching suffi-

cient for present purposes. Then, a beam mismatch is intro-

duced by an instantaneous increase in the lattice amplitude

to ĵinc
q =ĵq ¼1:15 at the zero phase of the sine function. The

lattice amplitude is maintained fixed at ĵinc
q for one-half of

the lattice period, and then instantaneously decreased to its

initial value, ĵq. This lattice perturbation provides the initial

beam mismatch l¼ 2.3 as measured by the ratio of the maxi-

mum to minimum values of Xrms ¼ x2
� �1=2

calculated at the

end of each focusing cell within the first three periods of the

smooth-focusing mismatch oscillations.

Note that the nonmonotonic tail structure in Fig. 5(a) is

now represented by the two bumps corresponding to half-

values of the symmetric (even), xs, and the quadrupole

(odd), xodd, mismatched envelope mode frequencies

(Sec. II). This is due to the fact that both modes are exited

by the abrupt mismatch, and they both produce high-energy

resonant halo particles. The quantitative criteria for a beam

halo particle should therefore be generalized for the case of

a quadrupole oscillating lattice in the following way: if the
particle betatron frequency is greater than the quadrupole
(odd) envelope frequency half-value then it is designated as
a halo particle. To further investigate this criterion, we

compare the normalized ðX; _XÞ beam phase space shown in

Fig. 5(c) with the same phase space after removing

particles with betatron frequency satisfying xb > ðxsf
oddÞf=2

[Fig. 5(d)]. Here, ðxsf
oddÞf ¼ ðKb=2R2

bf þ e2
f =R4

bf Þ
1=2

is the

corresponding smooth-focusing value of the quadrupole

(odd) mismatched envelope mode frequency in the final

beam state. The actual spectrum of the rms beam envelope

x-dimension obtained in the particle-in-cell (PIC) simula-

tions, taking into account the oscillating nature of the

applied lattice and nonlinear effects, is shown in Fig. 5(b).

Again, as noted earlier for the case of a constant focusing

force (smooth-focusing approximation), a few more halo

particles can be selected if an improved model accounting

for the width and shape of the mismatch oscillations fre-

quency spectrum is employed for determination of the cut-

off frequency.

Finally, we present the evolution of the beam betatron

frequency distribution due to mismatch relaxation for the case

of a low-intensity beam, taking into account the effects of the

oscillating applied lattice force (Fig. 6). For this illustrative

example, we take r=rvac ¼0:95, rvac ¼ 400, and the beam

mismatch is introduced by an instantaneous increase in the lat-

tice amplitude to ĵinc
q =ĵq ¼1:2 at the zero phase of the sine

function. The lattice amplitude is maintained fixed at ĵinc
q for

one lattice period, and then instantaneously decrease to its ini-

tial value ĵq. This lattice perturbation provides the initial

beam mismatch l¼ 2.0 as measured by the ratio of the maxi-

mum to minimum values of Xrms ¼ x2
� �1=2

calculated at the

end of each focusing cell within the first three periods of the

smooth-focusing mismatch oscillations. Inspecting the beam

frequency distributions at the initial and final beam states, it

again appears natural to assign a pronounced difference in the

tail region for xbx > ðxsf
oddÞf =2 to the generated beam halo.

FIG. 5. (Color online) Relaxation of a

beam mismatch for the case of a space-

charge-dominated beam with r=rvac

¼ 0:25 (sb ¼ 0:9999), rv ¼ 550. Shown

are plots of (a) beam betatron frequency

distribution at the final quasirelaxed

state (solid blue curve) and the initial

state (dashed black curve); (b) fast-Fou-

rier transform of Xrms(t); and (c) and (d)

the instantaneous _X;X
	 


phase space

corresponding to the final state at

t¼ 325.9� 2p/xq and the final state af-

ter halo removal, respectively. The time

interval used for the FFT calculations of

the betatron frequency distribution in

the final state corresponds to (220� 2p/

xq, 325� 2p/xq). Results are obtained

using the WARP code for an alternat-

ing-gradient quadrupole field.
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V. SPECTRAL ANALYSIS OF STRONG MISMATCH
RELAXATION AND INTENSE BEAM TRANSPORT
LIMITS

The spectral analysis of a mismatched beam distribution

has been demonstrated to be a powerful tool for studies of

nonlinear transverse dynamics of an intense beam propagat-

ing through a periods-focusing lattice. In particular, it can

provide the opportunity to carry out a quantitative analysis

of halo production by a beam mismatch. In this section, we

make use of this new formalism to study other critical prob-

lems in intense beam transport.

A. The spectral evolution of a beam core during the
relaxation of a beam mismatch

In Sec. IV, the analysis was focused on beam halo produc-

tion by a beam mismatch. However, it is also of particular in-

terest to study the evolution of the beam core during the

relaxation of a beam mismatch. Figure 7(a) shows the evolu-

tion of the beam betatron frequency distribution obtained

within the smooth-focusing approximation for the case of a

space-charge-dominated beam with rsf=rsf
v

	 

i
¼ 0:25. For this

simulation, the mismatch was introduced by an instant-

aneous compression of the lattice amplitude to the value

xqf =xqi ¼ 1:4, which provided the initial beam mismatch

l¼ 2 as measured by the ratio of the maximum to minimum

values of Rb. Shown in Fig. 7(a) are the frequency distri-

butions calculated at the time instants corresponding to

t1 ¼ 810:35� 2p=xqf and t2 ¼ 4350:35 �2p=xqf . It is inter-

esting to note that the bump-on-tail structure in Fig. 7(a) attrib-

uted to the beam halo remains nearly the same, whereas the

difference is clear in the core region. This means that most of

the beam halo is generated on a time-scale shorter than the

time-scale of the beam core evolution. Finally, we note that the

core relaxation process also leads to an increase in the beam

emittance. Figure 7(b) illustrates the evolution of the beam

transverse emittance during the mismatch relaxation process. It

is readily seen that the beam emittance continues to grow dur-

ing the time period between t1 and t2, when most of the halo is

generated. To further elucidate this, we compare the values of

the beam emittance calculated at t1 and t2 after removing halo

particles from the corresponding beam distributions. The corre-

sponding values of the beam emittance calculated for the beam

distributions without halo particles are shown by the dots in

Fig. 7(b) and clearly demonstrate an increase in the beam emit-

tance due to the beam core relaxation.

B. Spectral analysis of intense beam transport limits

Intense beam transport stability limits is one of the criti-

cal problems in intense beam transport. Of particular impor-

tance here are the higher-order resonance effects that limit

stable intense beam propagation in the region of high vac-

uum phase advance, where12–14

r2
vac � r2

& 2p=3ð Þ2=2: (13)

FIG. 6. (Color online) Evolution of the beam betatron frequency due to mis-

match relaxation for the case of an emittance-dominated beam with

r=rvac ¼ 0:95 (sb ¼ 0:2), rvac ¼ 400. Shown are plots of the betatron fre-

quency distribution at the final quasirelaxed state (solid blue curve) and at

the initial state (dashed black curve). The time interval used for the FFT cal-

culations of the betatron frequency distribution in the final state corresponds

to (161� 2p/xq, 419� 2p/xq). Results are obtained using the WARP code

for an alternating-gradient quadrupole field.

FIG. 7. (Color online) Strong mismatch relaxation for the case of a space-

charge-dominated beam with rsf =rsf
v ¼ 0:25 (sb ¼ 0:9999). Shown are

plots of (a) the beam betatron density distribution function calculated at

t1 ¼ 810:35� 2p=xqf (blue diamonds) and t2 ¼ 4350:35� 2p=xqf (pink

squares) and (b) evolution of the beam transverse emittance. The dots illus-

trate the values of the beam transverse emittance at the time instants t1 and

t2 when the halo particles are removed from the corresponding beam distri-

butions. The beam mismatch is introduced by an instantaneous increase in

the lattice strength to the value, xqf ¼ 1:4xqi. The length of the time inter-

val used for the FFT calculations of the betatron frequency distribution cor-

responds to 150� 2p/xqf. Results are obtained using the WARP code for a

smooth-focusing force.
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In this section, we use the spectral analysis of the beam

distribution to provide insights into that problem. The beta-

tron frequency distributions for an intense beam with

r=rvac ¼ 0:3 propagating through a quadrupole lattice are

shown in Fig. 8(a) for different values of the lattice vacuum

phase advance. Note that for r=rvac ¼ 0:3, the instability cri-

teria [inequality (13)] can be expressed as rvac & 890. The

corresponding evolution of the beam transverse emittance is

shown in Fig. 8(c), and a pronounced increase in the beam

emittance is evident where the system parameters approach

the stability limit. For these simulations, we load the par-

ticles with a semi-Gaussian distribution, which is a Gaussian

distribution in _x and _y and has a uniform (step-function) den-

sity profile, into the matched envelope obtained from Eqs.

(2) and (3). Finally, increased grid resolution corresponding

to 64 grid points across the beam cross-section is used. It is

evident from Figs. 8(a) and 8(b) that as the vacuum phase

advance increases and the system parameters approach the

instability criteria, the core of the betatron frequency distri-

bution does not change significantly. However, the distribu-

tion tail function increases in extent. This observation

supports the analysis developed in Ref. 14, which proposes

that the emittance growth can be attributed to high-energy

beam edge particles that diffuse outside of the beam core

sufficiently to participate in the higher-order resonances,

thereby, increasing the statistical beam area in the transverse

phase space, i.e., the beam transverse emittance.

VI. CONCLUSIONS

A new spectral technique for the analysis of a mis-

matched intense beam propagating through an alternating-

gradient lattice has been developed. It has been shown that

the betatron frequency distribution of a mismatched intense

beam has a bump-on-tail structure attributed to the beam

halo particles. Based on this phenomenon, a quantitative def-

inition of halo particles produced by a beam mismatch has

been proposed, which provides an opportunity to carry out

quantitative studies of halo particle production. It is also

found that the analysis, based upon the spectral method, can

provide important physical insights into other critical prob-

lems in intense beam transport, such as strong mismatch

relaxation and space-charge transport limits. In particular, it

has been demonstrated that during strong mismatch relaxa-

tion, most of the beam halo is generated on a time-scale

shorter than the time-scale for the beam core relaxation. Fur-

thermore, it has been observed that the core relaxation pro-

cess also leads to an increase in the beam emittance. Finally,

the spectral analysis of a beam distribution loaded into a

quadrupole lattice for the case where the system parameters

lie near the transport stability limit, r2
vac � r2 � 2p=3ð Þ2=2,

has been performed. It has been shown that as the system pa-

rameters approach the stability limit, the core of the beam

betatron distribution does not change significantly, whereas

the tail of the distribution increases. This observation sup-

ports the analysis developed in Ref. 14, which proposed that

the emittance growth can be attributed to high-energy beam

edge particles that diffuse outside the beam core sufficiently

to participate in the higher-order resonances, thereby increas-

ing the statistical beam area in transverse phase space.
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