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Abstract. Based on the renormalization group (RG) method, a reduction of
non-integrable multi-dimensional Hamiltonian systems has been performed. The
evolution equations for the slowly varying part of the angle-averaged phase space
density and for the amplitudes of the angular modes have been derived. Ithas been
shown that these equations are precisely the RG equations. As an application of
the approach developed, the modulational diffusion in a one-and-a-half-degree-
of-freedom dynamical system has been studied in detail.

1. Introduction

It is well known that dynamical systems may exhibit irregular motion in certain regions of phase
space [1,2]. These regions differ in size, from being considerably small, to occupying large
parts of phase space. This depends mostly on the strength of the perturbation, as well as on the
intrinsic characteristics of the system. For comparatively small perturbations the regularity of
the motion is expressed in the existence of adiabatic action invariants. In the course of nonlinear
interaction the action invariants vary within a certain range, prescribed by the integrals of motion
(if such exist). For chaotic systems some (or all) of the integrals of motion are destroyed, causing
specific trajectories to become extremely complicated. These trajectories look random in their
behaviour, therefore it is natural to explore the statistical properties of chaotic dynamical systems.

Much experimental and theoretical evidence [3,4] of nonlinear effects characterizing the
dynamics of particles in accelerators and storage rings is available at present. An individual
particle propagating in an accelerator experiences growth of amplitude of betatron oscillations
in a plane transverse to the particle orbit, whenever a perturbing force acts on it. This force
may be of various origins, for instance high-order multipole magnetic field errors, space charge
forces, beam—beam interaction force, power supply ripple or other external and collective forces.
Therefore, the Hamiltonian governing the motion of a beam particle is far from being integrable,

New Journal of Physics 4 (2002) 6.1-6.12 Pll: S1367-2630(02)27710-1
1367-2630/02/000006+12%$30.00 © IOP Publishing Ltd and Deutsche Physikalische Gesellschaft


mailto:stzenov@pppl.gov
http://www.njp.org/

6.2 Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

and an irregular behaviour of the beam is clearly observed, especially for a large number of
revolutions.

A rich arsenal of analytical methods to study effects of nonlinear behaviour of beams
in accelerators and storage rings, ranging from classical perturbation theory [2, 5] to the Lie
algebraic approach [6]-[8], is available at present. The recently developed renormalization
group (RG) method has been successfully applied to both continuous dynamical systems [9]—
[11] and maps [12, 13], that are of general interest in the physics of accelerators and beams. The
advantage of the RG method is embedded in the fact that it is equally powerful to study finite-
dimensional, as well as continuous systems. This makes it particularly useful when applied to
analyse the properties of chaotic dynamical systems in both the stability region and the globally
stochastic region in phase space.

The idea to treat the evolution of chaotic dynamical systems in a statistical sense is not
new; many rigorous results related to the statistical properties of such systems can be found
in [14]. Many of the details concerning the transport phenomena in the space of adiabatic action
invariants only are also well understood [2]. In this aspect the results presented here are in a sense
re-derivation of previously obtained ones by means of a different method. What is new, however,
is the approach followed to obtain the diffusion properties in action variable space, as well as a
new evolution equation for the angle-dependent part of the phase space density. Furthermore,
instead of the widely used phenomenological method to derive the diffusion coefficient (tensor),
the procedure pursued in the present paper is a more consistent one, with a starting point the
Liouville equation for the phase space density.

We first employ the projection operator method of Zwanzig [15] to derive the equations for
the two parts of the phase space density: the part averaged over the angle variables £, and the
remainder G (see equation (2.10) in the next section). Asexpected, the two equations are coupled.
Next we extract the relevant long-timescale behaviour embedded in the equations for ' and G
by means of the RG method [9]-[11]. It is remarkable, and at the same time not surprising that
the equations governing the long-timescale dynamics are the renormalization group equations
(RGEs). These are obtained in section 4 by means of renormalizing the perturbative solution to
the equations for F'and GG (see equations (2.22) and (2.23) of section 2). Finally, in section 5 a one-
dimensional example of a chaotic system exhibiting weak instability (the so-called modulational
diffusion) is considered to demonstrate the approach developed here.

2. Projection operator method

Single-particle dynamics in cyclic accelerators and storage rings is most properly described
by the adiabatic action invariants (Courant—Snyder invariants [16, 17]) and the angle variables
canonically conjugate to them. However, to be more general we consider here adynamical system
with NV degrees of freedom, governed by the Hamiltonian written in action-angle variables (J, o)
as

H(a,J;0) = Hy(J) + V(e J;0), (2.1)

where 6 is the independent azimuthal variable (widely used in accelerator physics), playing the
role of time and J and o are N-dimensional vectors

J:(Jl,JQ,...,JN>, O(:(Oél,Oég,...,C(N). (22)
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Moreover Hy(J) is the integrable part of the Hamiltonian, € is a formal small parameter, while
V (e, J;0) is the perturbation periodic in the angle variables

Vi, J;0) = 3 Vin(J;0) explim - o), (2.3)
where 3’ denotes exclusion of the harmonic m = (0,0,...,0) from the above sum. The
Hamilton equations of motion are

day, ov dJg ov

R J - B 2.4
where

0H,
J)=—. 2.5

wor(J) A (2.5)
In what follows (in particular in section 4) we assume that the nonlinearity coefficients

0?H,

Y (J) = 970 (2.6)

are small and can be neglected. The Liouville equation governing the evolution of the phase
space density P(c, J; ) can be written as

;?mim:@+£mw@mw (2.7)
Here the operators Ly and L, are given by the expressions
. 0 ~ av 0 ov 0
— s — — 2.
£O WOk<J) 80%’ EU aak aJk 8Jk 80.%’ ( 8)

where summation over repeated indices is implied. Next we define the projection operator onto
the subspace of action variables by the following integral:

ﬁfane):(ng ;Wmh~-0%daNﬂa“L0L 2.9)
where f (o, J;0) is a generic function of its arguments. Let us introduce also the functions

F=PP, G=(1-P)P=CP, (P=F+0Q). (2.10)
From equation (2.7) with the obvious relations

PLy=LP=0, PLP=0 2.11)
in hand it is straightforward to obtain the equations

?;Z = ¢PL,G = e(f]kﬁ (%G) , (2.12)

oG 4 55 Py

90 - LoG +eCL,G+ €L, F. (2.13)

Our goal in the subsequent exposition is to analyse equations (2.12) and (2.13) using the
RG method. It will prove efficient to eliminate the dependence on the angle variables in G and V'
by noting that the eigenfunctions of the operator £, form a complete set, so that every function
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periodic in the angle variables can be expanded in this basis. Using Dirac’s ‘bra—ket’ notation
we write

In) = (2751\,/2 exp(in - av), (n| = (275]\[/2 exp(—in - av). (2.14)
The projection operator P can be represented in the form [18]
P =Po = [0)(0]. (2.15)
One can also define a set of projection operators P, according to the expression [18]
P = [n)(n. (2.16)
It is easy to check the completeness relation
S P =1, (2.17)
from which and from equation (2.15) it follows that
C=Y"n)(n|. (2.18)
n#0
Decomposing the quantities /', G and V' in the basis (2.14) as
F = F(J;0)|0), (2.19)
Gla, J;0) ZG (J;0)|m), (2.20)
m#0
Vi, J;0) = Y Vi (J;0) ), 2.21)
n#0
from equations (2.12) and (2.13) we obtain
g]; = 1e£k (;’nkVnG_n), (2.22)
886271 —ingworGr + ie;, [nkVn_maa(Zn —my a?] (VaemGm) | + 1enkVn§Z. (2.23)

A similar harmonic expansion of the Liouville equation has been used by Zaslavsky [19],
who derived a master kinetic equation for the one-dimensional nonlinear oscillator.
Equations (2.22) and (2.23) comprise the starting point for the RG analysis outlined in section 4.
We are primarily interested in the long-time evolution of the original system governed by certain
amplitude equations. These will turn out to be precisely the RGEs.

3. Renormalization group reduction of Hamilton’s equations

Let us consider the solution to Hamilton’s equations of motion (2.4) for a small perturbation
parameter €. It is natural to introduce the naive perturbation expansion

ap = a,(go) + ea,(cl) + eza,(f) +ey Jp = J,EO) + eJ,gl) + ng,EQ) +---. (3.1
The lowest-order perturbation equations have the trivial solution

ol =wud + o, IO = Ay, (3.2)
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where Aj and ;. are constant amplitude and phase, respectively. We write the first-order
perturbation equations as

day) a OV dJ oV
_ A = - 3.3

Assuming that the modes V/,(J; #) are periodic in 6, we can expand them in a Fourier series

Z Vi (J; 1) exp(ipvp0). (3.4)

H=—00
If the original system (2.1) is far from primary resonances of the form
n™wer, + g =0 (3.5)
we can solve the first-order perturbation equations (3.3), yielding the result

expli(mswos + (im,)0)] _
ozk = IZ Z%l Yy Vi (1) (s + )2 exp(imsps)

exp(imsps), (3.6)

) expli(mswos + (im0
- Z Z 8Ak

msWos + HVm

D 3) S A L L TR

exp(imsp,). 3.7
msWos + HVm, p( 4 ) ( )

The second-order perturbation equations have the form

day” @ 107w *V_ow, PV
= A)J 2R ) ) _— 3.8
R T W Y W,V W N C R B
dJ@ 2 2
S 0V o OV o (3.9)
do 8V A, 9V 90"
The solution to equation (3.9) reads as
2
‘] - 27‘-7—\)' Z Z M%(fya msWos + /U/m)
m>0 p aAl
0
+27R(8) 32 S S (A) [Vin (1) P 5-R(7:0)
m>0 u @ a=MrwWor+UVm
~+oscillating terms, (3.10)
where
dR
— =1 3.11
10 ; (3.11)
™R(7;y) = el lim R(z;y) = 6(y). (3.12)

Here —iv is a small imaginary quantity, which has been added ad hoc in the denominators of
the expressions (3.6) and (3.7) for the purpose of regularization. The limit v — 0 will be taken
in the final result. Note that the formal procedure used here is equivalent to utilizing the well
known Plemel;j formula.

As expected, in the second-order perturbation solution (3.10) the first and the second terms
are secular, because R(6) = 6. To remove these secularities we follow the general prescription

New Journal of Physics 4 (2002) 6.1-6.12 (http://www.njp.org/)


http://www.njp.org/

6.6 Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

of the RG method [9, 10]. Let us also note that an alternative formulation of the RG method in
terms of invariant manifolds and classical theory of envelopes [11] exists. First, we select the
slowly varying part of the perturbation solution governing the long-time evolution of the system.
Up to second order in the perturbation parameter € it consists of the constant zero-order term Ay,
and the second-order secular terms. Next, we introduce the intermediate time 7, and in order to
absorb the difference 7 = 6 — (6 — 7) we make the new renormalized amplitude Ay (7) dependent
on 7. Since the long-time solution thus constructed should not depend on 7 its derivative with
respect to 7 must be equal to zero. This also holds for 7 = 6, so that finally

dAx(0) wl OVin (A; )|
—9 IWVm A )" -
0 e ngozu:mkml oA, R(v; mswos + )
/ 0
+27* Y Y mumumis s (A) | Vi (A 1)) =R (7; a) . (3.13)
m>0 u aa’ a=mrwor+Ulm

Equation (3.13) is known as the RGE. It describes the slow long-time evolution of the action
variables.

One may proceed further with solving equation (3.8). Its solution will contain secular terms
as well, which can be removed exactly in the same manner as done for equation (3.9). As aresult
we obtain an RGE for the phase variable ¢

dee() _ v my V(A p)|?
o O Ao, + i OARDA
9 mym, 0 9
(A) | Vi (A; )2 3.14
+e gozu:(mswoﬁuvm)?%k[w (A) Vi (A; ) ]7] (3.14)

It is worthwhile to mention that the RGEs (3.13) and (3.14) are decoupled in the case when the
system is far from a primary resonance of the form (3.5). This however does not hold in the
resonance case, for which the first-order RGs comprise a coupled Hamiltonian system

d@k(g) 0 m(R)wgs
= 2 E — V., .= ——2 R) . 3.15
o woi + 2¢ (R)>03 - w | A; o cosm P, (3.15)
dAL(6 mMuwy,
;0( ) =2 > MV, <A; - Sy - > sinm!™) - . (3.16)
m®R)>0 R

In writing equations (3.15) and (3.16) for simplicity we have assumed that the arguments of the
Fourier amplitudes of the non-integrable part of the Hamiltonian (2.3) are equal to zero.

Equations (3.15) and (3.16) are the Hamilton equations of motion for an isolated resonance
system, which have been obtained previously in the framework of the canonical perturbation
theory [2, 7]. The RGEs (3.13) and (3.14) govern the long-timescale evolution of the amplitude-
phase variables (A, ¢) due to the nonlinear interaction between perturbation modes V,,,(A; p).
Similar equations can be derived by means of the multiple-scale method [5].

4. Renormalization group reduction of Liouville’s equation

We consider the solution of equations (2.22) and (2.23) for small € by means of the RG method.
For that purpose we perform again the naive perturbation expansion

F:F(O)+€F(1)+€2F(2)+...7 GnZGﬁ?)%-eGS)%—eng)%----, 4.1)
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and substitute it into equations (2.22) and (2.23). The lowest-order perturbation equations have
the obvious solution

FO=F(J), GV = Wy(J)exp(—inword). (4.2)
The ﬁrst-order perturbation equations read as
82; = laiJk [Z NV W_p exp(ingwof) |, 4.3)
agg) = —inpwor G +ing Vi, gii)

—H;/ [nkVn_m aaV[J/km — my 81 (Vn_me)] exp(—imywy). 4.4)

We again assume that the modes V,,(J; §) are periodic in 6, so that they can be expanded in a
Fourier series (3.4). If the original system (2.1) exhibits primary resonances of the form (3.5)
in the case when wg, does not depend on the action variables, we can solve the first-order
perturbation equations (4.3) and (4.4). The result is as follows:

" 8 n(R)w
O = iRr(0 B Z Y | - W«
iR( )n%;) ny EX/ n(R) v _n®)
I~ O expli(nwor + )]
a7 Vn an 5 4.5
IOy LEDLE e (4.5)
GS) = gn eXP(—inkWOkQ)a (46)
where
| oF, 2®uo\ ) { ( n}R’wol>aW o
n = 0)d : — V.| - 0 Vn = n—-n
g I'R( ) nn® 1k 8Jk < r —i—l’R( )n_%m Ng V., (R) r 8Jk
0 n®y
—(ng — nz(fR))aiJk |:V'n,(R) < - IVR 0l>Wn—n(R)} }
0F, expli(nwo, + pp)0)]
Vo
HEEYA 8J Z ( ) nwop + HVn
GW 0
o eXp{ (g — my)wor + l“/n—m]e}' 4.7

(nl - ml>WOl + UWVn—m
In the above expressions Y.” denotes summation over all primary resonances (3.5). To obtain
the desired RGEs we proceed in the same way as in the previous section. The first-order RGEs
are

oFy . n (®y O
_— = —_— N 4.
BT 167% T, o, Voo (J; pr)W_pa (J)], (4.8)
oW, . OF, ) 1 W, _n
80 = 16(Snn(R)TLk67JZVn(J; ,LLR) + 1€n§R){nkVn(R) (Ja NR)T(M
0
(= 1) Ve (T )W (D], (49)
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where
nl(gR)ka
pp = — 0% (4.10)
VR

Equations (4.8) and (4.9) describe the resonant mode coupling when strong primary resonances
are present in the original system.

Let us now assume that the original system is far from resonances. Solving the second-order
perturbation equation for F?) and G(?

4.11
90 aJk(Z”VG > (4.11)
oG OF M oG\ 0

50 + mkakG( ) =in, Vi, a7 + 1%: [nkVn m 8J — mkM(Van,E}z))] , (4.12)
we obtain

@ 8F0 L
F% =27R(0 [Z annlﬂf R(v; nswos + Avy )| + oscillating terms, (4.13)

a‘]k n>0 )\
Ggf) = Fpnexp(—inswost), (4.14)
where
o2

Fn nknlz [V*(M)Wn]

NsWos + UVn 8Jk8Jl
1

(ns - ms)wOs + HVn—m

0? . d 2
5757 Vi 10We) + mumi e (Vo0
0

i Vi) 5 = (Vi ()72

and the functions R(6) and R(x;y) are given by equations (3.11) and (3.12), respectively. It is
now straightforward to write the second-order RGEs. They are

0

{ — nklen—m(M)@ (V;m(’u)

aWn)
aJ,

+iR(0)Z >

—i—nkann_m( )

(3Wn>
aJ,

} + oscillating terms, (4.15)

aa];‘) = 2mé* o Lgozmm\v 8F0 R(; nswos + Avn)] : (4.16)
855 e "’“”lznswos + vy, aJ(zQan Vi (1)
O S o Tl e 5 (Vo0 )
161 Vi (0 )aJ(Z;J (Vi ()W )+mkmz£ <|Vn—m(u)\za;§l">
i Vo n1) (Vi)W ) @.17)

The RGE (4.16) is a Fokker—Planck equation describing the diffusion of the adiabatic action
invariant. It has been derived previously by many authors (see e.g. [2] and references therein).
It is important to note that our derivation does not require the initial assumption concerning the
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fast stochastization of the angle variable. The fact that the latter is indeed a stochastic variable is
clearly visible from the second RGE (4.17), governing the slow amplitude evolution of the angle-
dependent part of the phase space density. Although it looks complicated, its most important
feature is that equations for the amplitudes of different modes are decoupled. In the case of
isolated nonlinear resonance, equation (4.17) acquires a very simple form as will be shown in
the next section.

5. Modulational diffusion

As an example to demonstrate the theory developed in previous sections, we consider the simplest
example of a one-and-a-half-degree-of-freedom dynamical system exhibiting chaotic motion

Ho(J) = XJ + Hy(J), Ve, J;0) =V (J)cos(a + Esinvd). (5.1)

The Hamiltonian (5.1), written in resonant canonical variables describes an isolated nonlinear
resonance of one-dimensional betatron motion of particles in an accelerator with modulated
resonant phase (or modulated linear betatron tune). The modulation may come from various
sources: ripple in the power supply of quadrupole magnets, synchro-betatron coupling or ground
motion. The resonance detuning A defines the distance from the resonance, = is the amplitude
of modulation of the linear betatron tune and v is the modulation frequency, where { = =/v.

The modulation of the resonant phase (or the unperturbed tune) causes a weak instability
induced by modulational layers. This phenomenon, usually referred to as modulational diffusion,
has been studied extensively by many authors [20,21] (see also [2] and references therein).
Without loss of generality we consider £ positive. Since

dH,

o ) =3V, (5.2)
where 7,(z) is the Bessel function of order n, the RGE (3.13) for the amplitude A can be
rewritten as

WQ:)\+

2v | 0A

%_WEQ 0
d6 2w

[VZ(A) Tke) ()] — 7 (A)V(A) ;am?(&)]‘ . } (5.3)

Here the square brackets [z] encountered in the index of the Bessel function imply integer part
of z. Moreover, in deriving the expression for V; (.J; 1) in equation (5.2) use has been made of
the identity

exp(igsinz) = Y Tn(|q|) explinz sgn(q)], (5.4)

and finally, the limit v — 0 in equation (3.13) has been taken. For small value of ¢ utilizing the
approximate expression for the derivative of Bessel functions with respect to the order we obtain
dA 7w [0 ., 9 9 13 9
TR {M[V (A) ) ()] = 220y () In | 5 | A (A)V(A) ¢ . (5.5)

v

Let us now turn to the RGEs (4.16) and (4.17). They can be rewritten in the form

OF, me* d [, ) OF,

90 2w ) [V (NI (57 | (5.6)
1 ow, ire2n ) d dv men d av

Wn 00 2w sin(ﬂwo/y)j—%‘)(g)a (VdJ> + 7‘7[%0](6)5 Vﬁ : 5.7
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I =E/v

0.5 1 1.5 2

Figure 1. Reduced diffusion coefficient D®) as a function of the ratio ¢ = Z/v
for A = 2=.

D®)

1.75¢
1.5¢
1.25¢
1l
0.75¢
0.5r

0.25r

=/Vv

100 200 300 400 500

Figure 2. Reduced diffusion coefficient D™ as a function of the ratio ¢ = Z/v
for A = E.

Equation (5.7) suggests that the amplitudes W,, of the angular modes G, exhibit exponential
growth with an increment

e d dV
= —J%,)— (V-—]. :

SEICEY (V dJ) 68
Equation (5.6) is a Fokker—Planck equation for the angle-independent part of the phase space
density with a diffusion coefficient

e,
D(J) = 5V () Tjeap (&), (5.9)

New Journal of Physics 4 (2002) 6.1-6.12 (http://www.njp.org/)


http://www.njp.org/

6.11 Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

20 40 60 80 100

Figure 3. Reduced diffusion coefficient D) as a function of the ratio £ = Z/v

for A = =/2.
In figures 1-3 the reduced diffusion coefficient
= 2=
D® <J ) - = _py 5.10
‘v we2V2(J) (J) (>-10)

has been plotted as a function of the ratio between the amplitude and the frequency of the
modulation. Three typical regimes corresponding to different values of A\/= used as a control
parameter have been chosen. In the first one depicted in figure 1 we have taken the resonance
detuning to be twice as large as the amplitude of the modulation (A = 2Z). In this case there is no
crossing of the main resonance described by the Hamiltonian (5.1) and the diffusion coefficient
decreases very rapidly after reaching its maximum value at £ = 0.25. The cases of periodic
resonance crossings for A = = and =/2 are shown in figures 2 and 3, respectively.

6. Concluding remarks

In this paper we apply the RG method to the reduction of non-integrable multi-dimensional
Hamiltonian systems. The notion of reduction is used here in the sense of slow, long-
time behaviour, that survives appropriate averaging and/or factorizing of rapidly oscillating
contributions to the dynamics of the system. It has been shown that the origin of the long-time
relaxation effects in a nonlinear dynamical system is the resonant nonlinear interaction between
perturbation modes, which causes the values of the adiabatic action invariants to diffuse away
from any given region in phase space.

As aresult of the investigation performed we have derived evolution equations for the slowly
varying part of the angle-averaged phase space density, and for the amplitudes of the angular
modes. It has been shown that these equations are the RGEs.

The case of a one-dimensional isolated nonlinear resonance with a resonant phase (or linear
unperturbed tune) subjected to periodic modulation has been studied in detail. The coefficient of
modulational diffusion, as well as the exponential growth increment of the amplitudes of angular
modes, have been obtained in explicit form.
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