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Implications of the electrostatic approximation in the beam frame on the
nonlinear Vlasov–Maxwell equations for intense beam propagation
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This paper develops a clear procedure for solving the nonlinear Vlasov–Maxwell equations for a
one-component intense charged particle beam or finite-length charge bunch propagating through a
cylindrical conducting pipe~radiusr 5r w5const), and confined by an applied focusing forceFfoc .
In particular, the nonlinear Vlasov–Maxwell equations are Lorentz transformed to the beam frame
~‘‘primed’’ variables! moving with axial velocityVb5bbc5const relative to the laboratory. In the
beam frame, the particle motions are nonrelativistic for the applications of practical interest, already
a major simplification. Then, in the beam frame, the electrostatic approximation (Es852¹8f8,
ET8.0.Bs8) is made, which fully incorporates beam space-charge effects, but neglects any fast
electromagnetic processes with transverse polarization~e.g., light waves!. The resulting Vlasov–
Maxwell equations are then Lorentz transformed back to the laboratory frame, and properties of the
self-generated fields and resulting nonlinear Vlasov–Maxwell equations in the laboratory frame are
discussed. ©2002 American Institute of Physics.@DOI: 10.1063/1.1427023#
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I. INTRODUCTION

Periodic focusing accelerators and transport system1–7

have a wide range of applications ranging from basic sc
tific research in high energy and nuclear physics, to appl
tions such as coherent radiation sources, heavy ion fus
tritium production, nuclear waste transmutation, and spa
tion neutron sources for materials and biological researc8,9

At the high beam currents and charge densities of prac
interest, of particular importance are the effects of the inte
self-fields produced by the beam space charge and curre
determining the detailed equilibrium, stability and transp
properties, and the nonlinear dynamics of the syst
Through analytical studies based on the nonlinear Vlas
Maxwell equations for the distribution functionf b(x,p,t)
and the self-generated electric and fieldsEs(x,t) and
Bs(x,t), and numerical simulations using particle-in-ce
models and nonlinear perturbative simulation techniqu
considerable progress has been made in developing an
proved understanding of the collective processes and no
ear beam dynamics characteristic of high-intensity be
propagation in periodic focusing and uniform focusing tra
port systems.10–28 In almost all applications of the Vlasov
Maxwell equations to intense beam propagation, the anal
is carried out in the laboratory frame, and various simpli
ing approximations are made, ranging from the electrosta
magnetostatic approximation29 to the Darwin-model
approximation,30–35 which neglects fast transverse electr
magnetic perturbations.

Given the general importance of model assumptions
affecting the detailed outcome of calculations, in this pa
we develop a clear procedure for solving the nonlin
Vlasov–Maxwell equations for a one-component inten
charged particle beam or finite-length charge bunch pro
gating through a cylindrical conducting pipe~radius r 5r w

5const), and confined by an applied focusing forceFfoc . In
particular, the nonlinear Vlasov–Maxwell equations are L
3401070-664X/2002/9(1)/340/5/$19.00
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entz transformed to the beam frame~‘‘primed’’ variables!
moving with axial velocityVb5bbc5const relative to the
laboratory.24 In the beam frame, the particle motions are no
relativistic for the applications of practical interest, already
major simplification. Then, in the beam frame, we make
electrostatic approximation (Es852¹8f8, ET8.0.Bs8)
which fully incorporates beam space-charge effects, but
glects any fast electromagnetic processes with transverse
larization~e.g., light waves!. The resulting Vlasov–Maxwell
equations are then Lorentz transformed back to the lab
tory frame, and properties of the self-generated fields
resulting nonlinear Vlasov–Maxwell equations in the labo
tory frame are discussed.

II. VLASOV–MAXWELL EQUATIONS AND
TRANSFORMATION TO THE BEAM FRAME

In the present analysis, we consider an intense cha
particle beam with characteristic transverse dimensionsa and
b propagating in thez direction with average axial velocity
Vb5bbc5const and characteristic directed kinetic ener
(gb21)mbc2. Here, c is the speed of lightin vacuo, gb

5(12bb
2)21/2 is the relativistic mass factor, andeb andmb

are the charge and rest mass, respectively, of a beam par
A perfectly conducting cylindrical wall is located at radiu
r 5r w , wherer 5(x21y2)1/2 is the radial distance from the
beam axis. The particle motion in the beam frame~‘‘primed’’
coordinates! is assumed to be nonrelativistic withuv8u!c.
Furthermore, the beam current density and charge density
allowed to be arbitrarily large, subject only to the requir
ment that the beam particles be confined by the applied
cusing fieldsEfoc(x,t) and Bfoc(x,t). The specific forms of
Efoc(x,t) and Bfoc(x,t) of course depend on the particula
focusing field configuration under consideration~quadrupole,
solenoidal, rf, etc.!. Finally, in the present analysis, the bea
can be continuous in thez direction, or correspond to a
finite-length charge bunch.
© 2002 American Institute of Physics

 license or copyright, see http://ojps.aip.org/pop/popcr.jsp



n
o
b

t.
e
o

u-

ct

-

f

fo

ns

ar

d
or
s
es

ear

d

n
er-

lec-

s
in

re
d

s
als,

u-
.

’s

ge

341Phys. Plasmas, Vol. 9, No. 1, January 2002 Implications of the electrostatic approximation . . .
Within the context of the above-mentioned assumptio
a complete description of the collective processes and n
linear dynamics of the charged particle beam is provided
the nonlinear Vlasov–Maxwell equations,1 which describe
the evolution of the distribution functionf b(x,p,t) in the
six-dimensional laboratory-frame phase space (x,p), and the
corresponding self fields,Es(x,t) and Bs(x,t), generated
self-consistently by the beam space charge and curren
laboratory-frame variables, the nonlinear Vlasov–Maxw
equations describing the self-consistent evolution
f b(x,p,t), Es(x,t), andBs(x,t) can be expressed as

] f b

]t
1v•

] f b

]x
1FFfoc1ebS Es1

1

c
v3BsD G• ] f b

]p
50, ~1!

and

¹•Es54pebE d3p fb , ~2!

¹3Bs5
1

c
4pebE d3pvf b1

1

c

]Es

]t
, ~3!

¹3Es52
1

c

]Bs

]t
, ~4!

¹"Bs50. ~5!

Here, Ffoc5eb(Efoc1c21v3Bfoc) is the applied focusing
force in the laboratory frame, and the velocityv and momen-
tum p are related byp5gmbv, whereg5(11p2/mb

2c2)1/2.
The Vlasov equation~1! describes the incompressible evol
tion of the distribution function f b(x,p,t) in the six-
dimensional phase space (x,p) as the beam particles intera
with the applied focusing fields,Efoc(x,t) andBfoc(x,t), and
the average self-fields,Es(x,t) andBs(x,t), generated by the
beam particles. Note that the Vlasov equation~1! is highly
nonlinear becauseEs(x,t) and Bs(x,t) are determined self
consistently in terms of the beam charge density,rb(x,t)
5eb*d3p fb(x,p,t), and current density, Jb(x,t)
5eb*d3pvf b(x,p,t), from Maxwell’s equations~2!–~5!.
Here, nb(x,t)5*d3p fb(x,p,t) is the number density o
beam particles.

The Vlasov–Maxwell equations~1!–~5! can of course be
analyzed directly in laboratory-frame variables. However,
a beam consisting of a single charge component~the case
considered here!, there is considerable advantage to tra
forming to the beam frame moving with axial velocityVb

5bbc relative to the laboratory. In the beam frame the p
ticle motion is nonrelativistic (uv8u!c) by assumption,
which results in a welcome simplification of the correspon
ing Vlasov–Maxwell equations in the beam frame. The L
entz transformation36,37 relating the primed variable
(x8,p8,t8) in the beam frame to the unprimed variabl
(x,p,t) in the laboratory frame is given by

x85x, y85y, z85gb~z2Vbt !,

t85gb~ t2Vbz/c2!,
~6!

px85px , py85py , pz85gb~pz2gmbVb!,

g85gb~g2Vbpz /mbc2!,
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where gb5(12Vb
2/c2)21/2. Here, the particle momentum

and velocity are related byp5gmbv and p85g8mbv8,
where g5(11p2/mb

2c2)1/2 and g85(11p82/mb
2c2)1/2 are

the kinematic mass factors. In the beam frame, the nonlin
Vlasov equation for the distribution functionf b8(x8,p8,t8)
can be expressed as24

] f b8

]t8
1v8•

] f b8

]x8
1FFfoc8 1ebS Es81

1

c
v8ÃBs8D G• ] f b8

]p8
50.

~7!

In Eq. ~7!, Es8(x8,t) and Bs8(x8,t8) are the self-generate
fields in the beam frame, and we approximateg851
1p82/2mb

2c2 and p85mbv8 because the particle motion i
the beam frame is assumed to be nonrelativistic. Furth
more, Ffoc8 5eb(Efoc8 1c21v8ÃBfoc8 ) is the applied focusing
force on a particle in the beam frame. Here, the applied e
tric and magnetic fields transform according toEfoc8 5@Ezêz

1gb(Exêx1Eyêy)1gbc21VbêzÃB# foc and Bfoc8 5@Bzêz

1gb(Bxêx1Byêy)2gbc21VbêzÃE# foc , which determines
Efoc8 andBfoc8 directly in terms of the applied focusing field
in the laboratory frame and the Lorentz transformation
Eq. ~6!.

Maxwell’s equations in the beam frame of course a
similar in form to Eqs.~2!–~5!, and relate the self-generate
electric and magnetic fields,Es8(x8,t8) andBs8(x8,t8), to the
distribution functionf b8(x8,p,t8). For present purposes, it i
convenient to introduce the scalar and vector potenti
f8(x8,t8) andA8(x8,t8), and express

Es85EL81ET852
]

]x8
f82

1

c

]

]t8
A8,

~8!

Bs85
]

]x8
ÃA8,

where EL852¹8f8 is the longitudinal electric field,ET8
5c21]A8/]t8 is the transverse electric field, and the Co
lomb gauge condition with¹8•A850 is assumed. From Eq
~8!, the Maxwell equations ¹8•Bs850 and ¹83Es8
52c21]Bs8/]t8 are automatically satisfied, and Poisson
equation and the¹8ÃBs8 Maxwell equation in the beam
frame are readily expressed as24

¹82f8524pebE d3p8 f b8 , ~9!

¹82A852
1

c
4pebE d3p8v8 f b81

1

c2

]2A8

]t82
1

1

c
¹8

]f8

]t8
,

~10!

where use has been made of¹8•A850. In Eqs. ~9! and
~10!, note that the electrostatic potentialf8(x8,t8) is deter-
mined self-consistently in terms of the beam char
density rb8(x8,t8)5ebnb8(x8,t8)5eb*d3p8 f b8(x8,p8,t8)
from Eq. ~9!, and A8(x8,t8) is determined in terms of the
beam current density Jb8(x8,t8)5ebnb8(x8,t8)Vb8(x8,t8)
5eb*d3p8v8 f b8(x8,p8,t8) from Eq. ~10!. Here,nb8(x8,t8) is
the local number density andVb8(x8,t8) is the local average
flow velocity of particles in the beam frame, andv8
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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5p8/mb is the ~nonrelativistic! particle velocity. Note that
Poisson’s equation~9! can be viewed as an initial conditio
to Eq. ~10!, which if true att850 remains true at all subse
quentt8. This follows upon taking the divergence of Eq.~10!
and making use of the Coulomb gauge condition¹8"A8
50. This readily gives

1

c

]

]t8
¹82f82

1

c
4peb¹8"~nb8Vb8!

5
1

c

]

]t8
@¹82f814pebnb8#50, ~11!

where use has been made of]nb8/]t81¹8•(nb8Vb8)50. It fol-
lows trivially from Eq. ~11! that if Poisson’s equation~9! is
satisfied initially att850, then it remains true at all subse
quent timest8.

For the boundary conditions at the perfectly conduct
cylindrical wall at radiusr 5r 85r w , we impose the require
ments that the tangential electric field and the normal m
netic field vanish. That is,@Ez# r 5r w

5@Eu# r 5r w
5@Br # r 5r w

50, whereEz , Eu , andBr denote field components in cy
lindrical polar coordinates (r ,u,z) in the laboratory frame. In
the beam frame, the corresponding field components
given by Ez85Ez , Br85gb(Br1VbEu /c), and Eu85gb(Eu

1VbBr /c). Therefore, the corresponding boundary con
tions at the conducting wallr 85r w in the beam frame are
also given by @Ez8# r 85r w

5@Eu8# r 85r w
5@Br8# r 85r w

50. Ex-
pressed in terms of the scalar and vector potenti
f8(x8,t8) andA8(x8,t8), these boundary conditions can b
expressed as

f8~r 85r w ,u8,z8,t8!5Az8~r 85r w ,u8,z8,t8!

5Au8~r 85r w ,u8,z8,t8!5const, ~12!

where (r 8,u8,z8) are cylindrical polar coordinates in th
beam frame, withx85r 8cosu8 andy85r 8sinu8.

The nonlinear Vlasov–Maxwell equations~7!, ~9!, and
~10! in the beam frame, subject to the boundary condition
Eq. ~12!, are fully equivalent to the Vlasov–Maxwell equa
tions~1!–~5! in the laboratory frame, and provide a comple
description of the collective processes and nonlinear dyn
ics of intense beam propagation. Equations~7!, ~9!, and~10!
can be used to investigate detailed equilibrium and stab
properties in the beam frame for a wide range of syst
parameters and choices of applied field configuratio
Moreover, as noted earlier, because the particle motion in
beam frame is nonrelativistic, a detailed investigation of E
~7!, ~9!, and ~10! is more tractable analytically and numer
cally than the corresponding Vlasov–Maxwell equatio
~1!–~5! in the laboratory frame. Furthermore, once the so
tions for f b8(x8,p8,t8), f8(x8,t8), and A8(x8,t8) are ob-
tained in the beam frame, the corresponding solutions
readily obtained in the laboratory frame. For example,
variables (x8,p8,t8) are related to (x,p,t) by the Lorentz
transformation in Eq.~6!. Furthermore, the scalar and vect
potentialsf(x,t) andA(x,t) in the laboratory frame are re
lated to the potentialsf8(x8,t8) andA8(x8,t8) in the beam
frame by the transformation24,36
Downloaded 01 Jul 2002 to 198.35.4.106. Redistribution subject to AIP
g

-

re

-

s,

n

-

y

s.
e
.

s
-

re
e

f5gb~f81VbAz8/c!,

Ax5Ax8 , Ay5Ay8 , ~13!

Az5gb~Az81Vbf8/c!,

where the arguments (x8,t8) are related to (x,t) by Eq. ~6!.

III. IMPLICATIONS OF ELECTROSTATIC
APPROXIMATION IN THE BEAM FRAME

The introduction of the Coulomb gauge conditio
(¹8"A850) and the resulting forms of Maxwell’s equation
~9! and~10! also make ancillary approximations more tran
parent in the beam frame. In the following analysis, we co
sider such a case corresponding to the electrostatic app
mation in the beam frame. In particular, it is assumed that
electromagnetic field components withtransversepolariza-
tion, ET852c21]A8/]t8 and Bs85¹8ÃA8, are negligibly
small in comparison with thelongitudinal electric field,EL8
52¹8f8. In this case, we approximate

A850,
~14!

ET8505Bs8 ,

and the nonlinear Vlasov equation~7! in the beam frame
becomes

] f b8

]t8
1v8"

] f b8

]x8
1@Ffoc8 2eb¹8f8#"

] f b8

]p8
50. ~15!

Of course the scalar potentialf8(x8,t8) occurring in Eq.
~15! is determined self-consistently in terms of the char
density eb*d3p8 f b8(x8,p8,t8) from Poisson’s equation~9!.
By virtue of Eq. ~14!, we have neglected any fast electr
magnetic processes in the beam frame with transverse p
ization ~e.g., light waves!, and it is assumed that the curre
carried by the particles in the beam frame is sufficien
small that the self-generated transverse field componentET8
and Bs8 can be neglected. Equations~9! and ~15! of course
include the full influence of space-charge effects in the be
frame through the longitudinal electric fieldEL852¹8f8.

The nonlinear Vlasov-Poisson equations~9! and ~15!
constitute a closed description of the collective processes
nonlinear dynamics of the distribution functionf b8(x8,p8,t8)
and space-charge potentialf8(x8,t8) in the beam frame,
valid in the electrostatic approximation. As such Eqs.~9! and
~15! can be used to investigate detailed equilibrium and e
trostatic stability properties for a wide range of system p
rameters and choices of focusing field configurations. T
purpose of this paper is not to solve Eqs.~9! and ~15! in
detail. Rather, let us assume that the solutions to Eqs.~9! and
~15! have been obtained in the beam frame~these could be
analytical or numerical solutions!, and pose the question
What are the properties of the corresponding solutions in
laboratory frame? The variables (x8,p8,t8) and (x,p,t) of
course transform according to Eq.~6!. Furthermore, once
f8(x8,t8) is determined in the beam frame, field quantiti
in the laboratory frame are readily obtained by making use
Eqs.~13! and ~14!. SubstitutingA850 into Eq.~13! readily
gives
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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f5gbf8,

Ax505Ay , ~16!

Az5gbbbf85bbf,

where bb5Vb /c. In Eq. ~16!, the arguments (x8,t8) and
(x,t) are related by Eq.~6!, so Eq.~16! gives directly

f~x,y,z,t !5gbf8@x,y,gb~z2Vbt !,gb~ t2Vbz/c2!#,
~17!

as well asAx5Ay50, and

Az~x,y,z,t !5bbf~x,y,z,t !. ~18!

Note from Eqs.~16! and ~17! that the (x8,y8) and (x,y)
dependencies off8 andf are identical, whereas the (z8,t8)
and (z,t) dependences transform according to Eq.~6!. In
terms of Fourier–Laplace variables (kz ,v) and (kz8 ,v8),
Eq. ~17! leads directly to the familiar relations36,37

kz5gbS kz81
Vb

c2 v8D ,

~19!
v5gb~v81kz8Vb!.

That is, if the potentialf8(x8,t8) has axial wave numberkz8
and frequencyv8 in the beam frame, then the correspondi
axial wave numberkz and frequencyv in the laboratory
frame are given by Eq.~19!. Of course the inverse transfo
mation to Eq.~19! is obtained by interchanging (kz ,v) and
(kz8 ,v8), and making the replacementVb→2Vb .

Equations ~16!–~18! allow us to determine the self
generated fields,Es52¹f2c21]A/]t and Bs5¹ÃA, in
the laboratory frame, consistent with the electrostatic
proximation,Es85EL852¹8f8, in the beam frame. It fol-
lows directly thatBs5¹ÃAzêz has components

Bx5
]Az

]y
5bb

]f

]y
,

By52
]Az

]x
52bb

]f

]x
, ~20!

Bz50.

Furthermore, the self-generated electric fieldEs52¹f

2c21(]Az /]t)êz can be expressed as

Ex52
]f

]x
, Ey52

]f

]y
,

~21!

Ez52
]f

]z
2

1

c

]Az

]t
52

]f

]z
2

bb

c

]f

]t
.

As would be expected, even though there is no magn
field in the beam frame (Bs850) by assumption, in the labo
ratory frame the beam carries an axial current, and there
transverse magnetic field generated with components,Bx

5]Az /]y andBy52]Az /]x, whereAz5bbf according to
Eq. ~18!. Furthermore, in addition to the longitudinal electr
field EL52¹f, it follows from Eq. ~21! that there is an
inductive electric fieldETz52c21]Az /]t in the laboratory
frame, whereAz5bbf. As noted earlier, the nonlinea
Vlasov–Poisson equations~9! and ~15! can be solved in the
Downloaded 01 Jul 2002 to 198.35.4.106. Redistribution subject to AIP
-
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beam frame, and then Eqs.~6!, ~16!, ~20!, and ~21! can be
used to determine the corresponding distribution funct
and self-generated fields in the laboratory frame.

While Eqs.~9! and ~15! provide a complete descriptio
of the system in the electrostatic approximation in the be
frame, it is nonetheless interesting to examine the impli
tions of the electrostatic approximation in the beam frame
the corresponding Vlasov–Maxwell equations in the labo
tory frame. First, making use of Eqs.~20! and~21!, it follows
that the force on a beam particle in the laboratory frame
to the self-generated fields,F5eb(Es1c21vÃBs), can be
expressed asF5F'1Fzêz , where

F'5ebS 2¹'f1
1

c
@vÃ ~¹Az3êz!#'D

52eb¹'S f2
1

c
vzAzD ~22!

denotes the perpendicular force in thex–y plane, and

Fz5ebS 2
]f

]z
2

1

c

]Az

]t
2

1

c
v'•¹'AzD

52ebF ]

]z S f2
1

c
vzAzD1

1

c S ]

]t
1v"¹ DAzG ~23!

is the axial force. Here,¹'5êx]/]x1êy]/]y is the perpen-
dicular spatial gradient, andAz5bbf follows from Eq.~18!.
Equations ~22! and ~23! can be substituted into th
laboratory-frame Vlasov equation~1!. One important simpli-
fication occurs in this regard. The characteristics of the V
sov equation~1! are the single-particle orbits in the sel
generated fields. For example, the coefficient of] f b /]pz is
dpz /dt5Fz . From Eq.~23!, introducing the axial canonica
momentum30 Pz5pz1(eb /c)Az , and making use of
(d/dt)Az5(]/]t1v"¹)Az , it follows that dPz /dt
52eb(]/]z)(f2vzAz /c). Therefore, if we change vari
ables from (x,y,z,px ,py ,pz ,t) to (x,y,z,Px ,Py ,Pz ,t),
where Px5px and Py5py ~becauseAx505Ay) and Pz

5pz1(eb /c)Az , it follows from Eqs.~1!, ~22!, and~23! that
the nonlinear Vlasov equation for the distribution functio
f b(x,P,t) in the laboratory frame can be expressed in
compact form

] f b

]t
1v"

] f b

]x
1FFfoc2ebS 12

vz

c
bbD¹fG " ] f b

]P
50. ~24!

In obtaining Eq.~24!, use has been made ofAz5bbf to
express ¹(f2vzAz /c)5(12bbvz /c)¹f. Furthermore,
from Eqs.~2! and~21!, Poisson’s equation can be express
as

¹'
2 f1

]

]z S ]f

]z
1

1

c
bb

]f

]t D524pebE d3P fb~x,P,t !,

~25!

where¹'
2 5]2/]x21]2/]y2. The Vlasov–Poisson equation

~24! and~25!, valid in the laboratory frame, are fully equiva
lent to the Vlasov–Poisson equations~9! and ~15! obtained
in the beam frame in the electrostatic approximation.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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course when the two frames coincide (bb50, gb51, f
5f8 and Az5Az850), Eqs.~24! and ~25! are identical in
form to Eqs.~9! and ~15!, as expected.

As noted earlier, because the particle motion is nonre
tivistic in the beam frame, it is often advantageous to so
Eqs. ~9! and ~15! directly, rather than Eqs.~24! and ~25!.
Nonetheless, with some ancillary approximations,
laboratory-frame Vlasov–Poisson equations also simp
further. For example, if the axial velocity spread aroundvz

5Vb5bbc is very small (uDvzugb
2bb!c), then we approxi-

mate 12vzbbc.12bb
251/gb

2 , and Eq.~24! reduces to

] f b

]t
1v"

] f b

]x
1FFfoc2

eb

gb
2 ¹fG• ] f b

]P
50. ~26!

Equation~26! shows clearly that the magnetic pinching for
due to the self-magnetic field in the laboratory frame redu
the electric force by the factor 1/gb

2.1 A further simplification
occurs in Eq.~25! in circumstances corresponding to an a
ally continuous beam or very long charge bunch. In Eq.~25!,
we denote]/]x;1/a and ]/]y;1/b, where a;b are the
transverse beam dimensions;]/]z;1/L, whereL is the char-
acteristic length scale of axial variations; and]/]t;v,
where v21 is the characteristic time scale of variations
f(x,t). Then, fora;b, the terms on the left-hand side o
Eq. ~25! stand in the ratio

1:
a2

L2 :
a2

L2

vL

c
bb . ~27!

Then for a2!L2, and even for moderately high frequenc
with uvL/cu;1 or uvL/cu;bb , the second and third term
on the left-hand side of Eq.~25! are negligibly small, and
Poisson’s equation can be approximated by

¹'
2 f524pebE d3P fb~x,P,t !, ~28!

where ¹'
2 5]2/]x21]2/]y2. Equations~26! and ~28! are

similar to the laboratory-frame Vlasov–Poisson equatio
widely used in the literature29 to describe thin beam propa
gation in the paraxial approximation. Approximate Vlaso
Maxwell equations similar to Eqs.~26! and~28! can also be
derived using the Darwin-approximation model31–35 devel-
oped by Leeet al.30 for intense beam propagation.

IV. CONCLUSIONS

In summary, in this paper we have developed a cl
procedure for solving the nonlinear Vlasov–Maxwell equ
tions for a one-component intense charged particle beam
finite-length charge bunch propagating through a cylindri
conducting pipe~radius r 5r w5const), and confined by a
applied focusing forceFfoc . In particular, the nonlinea
Vlasov–Maxwell equations were Lorentz transformed to
beam frame~‘‘primed’’ variables! moving with axial velocity
Vb5bbc5const relative to the laboratory. In the bea
frame, the particle motions are nonrelativistic for the app
cations of practical interest, already a major simplificatio
Then, in the beam frame, we made the electrostatic appr
mation (Es852¹8f8, ET8.0.Bs8) which fully incorporates
beam space-charge effects, but neglects any fast electro
Downloaded 01 Jul 2002 to 198.35.4.106. Redistribution subject to AIP
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netic processes with transverse polarization~e.g., light
waves!. The resulting Vlasov–Maxwell equations were th
Lorentz transformed back to the laboratory frame, and pr
erties of the self-generated fields and resulting nonlin
Vlasov–Maxwell equations in the laboratory frame were d
cussed.
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