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Motivation — develop good approximations and algorithms
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Advance in Plasma Physics

V-B=0

Good approximations:

e Phase space conservation
e Inergy-momentum conservation
e Enable efficient and conservative algorithms



Example: gyrokinetic approximaiton and algorithm
-- average out gyrophase

Frieman, Davidson, Langdon (1966)
0 Magnetized plasmas — fast gyromotion.

O “Average-out" the fast gyromotion
— Theoretically appealing
— Algorithmically efficient

Highly oscillatory
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Solution — geometrically generalized Vlasov-Maxwell equations

Geometry = Fundamental theory = Good algorithm

Geometric
Theory

— | Simulation

Classical Theory

Obsolete

Modern Theory ——— Classical Theory |——— Simulation




Outline
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Vlasov-Maxwell system
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Outline of physics applications

Geometric field theory

Gyrocenter gauge theory

Diamagnetic current

Polarization density

Complete plasma susceptibility

Gyrocenter gauge algorithm

Kruskal ring data structure

Stochastic resonant heating



Geometric field theory from

Poincare-Cartan-Einstein 1-form -~

Conservation = Symmetry

Enables good
Coordinate = Gauge approximations

.\ / & algorithms

Interaction between
particles and fields

4 W

Field theory Kinetics




Where does v live? -- phase space
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Phase space is a fiber
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Poincare-Cartan-Einstein 1-form v — particle dynamics

Hamilton’s Eq.

Inner Exterior
product derivative
\ ¥
i..dy = 0
N

/
Worldline \

Different for different particles:
charged particle, neutron,
polymer, virus, ...




Geometrically generalized Vlasov-Maxwell system --- A field theory

Liouville 6-form
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= —Edfy A dy N dry,

LQ=idQ+d(i,Q)=0.
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Liouville Theorem

Vlasov Eq.
L.f=idf =0.
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Conservative form




Geometrically generalized Vlasov-Maxwell system --- A field theory
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Second order field theory — 4-diamagnetic current
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4-diamagnetic current —=

Valid for any v. Exact conservation properties.

Allow physics models, approximations build into ~.




Example: 1-form for charge particles with Lorentz force

vy=A+p=(A+v) dx—

?)2
— dt
2 + ¢“ Y

A = (—¢,A), four vector potential, 1-form

p = (—v?/2,p), 1-form momentum

- Action
< Vlasov
df(T) = 0, idy = 0
- | Maxwell
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Modern gyrokinetics = field theory + gyro-symmetry

P

Field theory

J

Interaction between
particle and fields

N

Gyro-symmetry

J

Decouple gyromotion




What is symmetry?

0 Coordinate dependent version:

oLy, Ao
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Problem, what is 67

O Geometric version:

Symmetry
IS group Lny =dS

Lie derivative Symmetry vector field

v
S. Lie (1890s)

Advantage: general, stronger, enables techniques to find .



Symmetry is invaraint

Noether’'s Theorem (1918)

/\ Cartan’s formula

Lyy = d(iyy) + i,dy = dS

div-m)-7=4dS-T

v -n — .S is conversed.




What is gyrosymmetry?

Kruskal Ring

<— | Noether’s
Theorem

vZ 4 v§ Gyrophase
= coordinate

Amatucci, Pop 11, 2097 (2004).

Coordinate perturbation to find n.

Q: How does the dynamics transform?

A: It transforms as an 1-form!




Dynamics under Lie group of coordinate transformation

Coordinate System 1
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“ Coordinate System 2

Continuous Lie group,
g:2—Z=49(z,¢)

Vector field (Lie algbra),
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—G=dg '/de| .

~vinZ
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Taylor expansion
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Gyrocenter dynamics

idy=0.
O
Curvature drift E x B, VB drift
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Gyrokinetic equations

LF=idF =0.




Gyrokinetic field theory
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Electromagnetic gyrokinetic system

y=A"-dX + udf — Hidt,
w? + w? + D?
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Physics of 2" order field theory — Spitzer paradox




Electrostatic gyrokinetic system

v=A"-dX + pdd — Hdt,
w? + w? + D?

H = + ¢y + (¥ )-
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o Exact energy conservation
0 Inhomogeneous EM background
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Physics of 2" order field theory — polarization density

X=X+p+G,,

Y :%fe‘ix ‘ZHQO(Z)dQ —

—€
EVL¢.

;

1
Gy = X VS,.

Lee (1983) used different method.
Friedman (1981) in different context.




Gyrocenter gauge theory for waves in magnetized plasmas

F=1I+h

B, = const.
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Pullback of current

] = fd%vf(r,v,t) = fd6217}7(2,t)6(g51)_(— T)

Lab coord.

0th order

gyrocenter

Pullback of F'

:
ng=F+LGF=F—%x[A(X+po,t)+VS]-VF—B—T8—S vF
BH ou

B' o, asaF

—JA(X t —+[A(X

A )+ VSIS ’+[( + a0 28 S0
8/)0 8S.0F

HAX + ) S+




Gyrocenter gauge theory for waves in magnetized plasmas
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Pullback of current
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Gyrocenter gauge susceptibility — same as classical theory
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Gyrocenter gauge algorithm

Gyrokinetic eq.

Gyrocenter gauge

88 : 88 85 85
Pullback

f(z) =g"|F(Z)] = F(g(2))
Maxwell’s




Gyrocenter gauge data structure — Kruskal ring

replace particle

ring

Kruskal y

/

replace gyrophase

Kruskal Ring

- species
- X
gyrocenter
- U /
Y
\_ sln]

\ SciDAC proposal

gyrocenter
gauge




Example — stochastic resonant heating
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Stochastic resonant heating rate
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Conclusion — geometrically generalized Vlasov-Maxwell equations

-

- species
\ - X
Kruskal -
rin
5 - sln]

Fundamental Theory = Efficient algorithm

Physics = Geometry




